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Abstract—The classical problem of quickest change detection is
studied with an additional constraint on the cost of observations
used in the detection process. The change point is modeled as an un-
known constant, and minimax formulations are proposed for the
problem. The objective in these formulations is to find a stopping
time and an ON-OFF observation control policy for the observa-
tion sequence, to minimize a version of the worst possible average
delay, subject to constraints on the false alarm rate and the frac-
tion of time observations are taken before change. An algorithm
called DE-CuSum is proposed and is shown to be asymptotically
optimal for the proposed formulations, as the false alarm rate goes
to zero. Numerical results are used to show that the DE-CuSum al-
gorithm has good tradeoff curves and performs significantly better
than the approach of fractional sampling, in which the observa-
tions are skipped using the outcome of a sequence of coin tosses,
independent of the observation process. This study is guided by
the insights gained from an earlier study of a Bayesian version of
this problem.

Index Terms—Asymptotic optimality, CuSum, minimax, obser-
vation control, quickest change detection.

I. INTRODUCTION

N the problem of quickest change detection, a decision

maker observes a sequence of random variables {X,, }. At
some point of time <y, called the change point, the distribution
of the random variables changes. The goal of the decision
maker is to find a stopping time 7 on the {X,}, so as to
minimize the average value of the delay max{0,7 — v}. The
delay is zero on the event {7 < ~}, but this event is treated as
a false alarm and is not desirable. Thus, the average delay has
to be minimized subject to a constraint on the false alarm rate.
This problem finds application in statistical quality control in
industrial processes, surveillance using sensor networks and
cognitive radio networks; see [1]-[3].

Manuscript received November 14, 2012; revised June 18, 2013; accepted
June 21, 2013. Date of publication July 03, 2013; date of current version
September 11, 2013. This work was supported in part by the National Science
Foundation under Grants CCF 08-30169 and DMS 12-22498, through the
University of Illinois at Urbana-Champaign, and in part by the U.S. Defense
Threat Reduction Agency through subcontract 147755 at the University of
Illinois from Prime Award HDTRA1-10-1-0086. This paper was presented
at the 2012 IEEE International Conference on Acoustics, Speech and Signal
Processing.

The authors are with the Department of Electrical Communication
Engineering and Coordinated Science Laboratory, University of Illinois
Urbana Champaign, Urbana, IL 61801 USA (e-mail: banerje5S@illinois.edu;
vvv@illinois.edu).

Communicated by G. V. Moustakides, Associate Editor for Detection and
Estimation.

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/T1T.2013.2272313

In the independent and identically distributed (i.i.d.) model
of the quickest change detection problem, the random variables
{X,} for n < « are i.i.d. with probability density function
(p.d.f) fo, and {X,,} for n > ~ are i.i.d. with p.d.f. f;. In the
Bayesian version of the quickest change detection problem, the
change point v is modeled as a random variable I'.

In [4] and [5], the i.i.d. model is studied in a Bayesian setting
by assuming the change point I to be a geometrically distributed
random variable. The objective is to minimize the average de-
tection delay with a constraint on the probability of false alarm.
It is shown that under very general conditions on f; and fi,
the optimal stopping time is the one that stops the first time the
a posteriori probability P(T" < n|Xy,...,X,) crosses a pre-
designed threshold. The threshold is chosen to meet the false
alarm constraint with equality. In the following, we refer to this
algorithm as the Shiryaev algorithm.

In [6]-[11], no prior knowledge about the distribution on the
change point is assumed, and the change point is modeled as an
unknown constant. In this non-Bayesian setting, the quickest
change detection problem is studied in two different minimax
settings introduced in [6] and [7]. The objective in [6]-[11] is to
minimize some version of the worst case average delay, subject
to a constraint on the mean time to false alarm. The results
from these papers show that, variants of the Shiryaev—Roberts
algorithm [12], the latter being derived from the Shiryaev
algorithm by setting the geometric parameter to zero, and the
CuSum algorithm [13], are asymptotically optimal for both the
minimax formulations, as the mean time to false alarm goes to
infinity.

In many applications of quickest change detection, changes
are infrequent and there is a cost associated with acquiring
observations (data). As a result, it is of interest to study the
classical quickest change detection problem with an additional
constraint on the cost of observations used before the change
point, with the cost of taking observations after the change
point being penalized through the metric on delay. In the fol-
lowing, we refer to this problem as data-efficient quickest
change detection. In [14], we studied data-efficient quickest
change detection in a Bayesian setting by adding another con-
straint to the Bayesian formulation of [4]. The objective was
to find a stopping time and an ON-OFF observation control
policy on the observation sequence, to minimize the average
detection delay subject to constraints on the probability of false
alarm and the average number of observations used before the
change point. Thus, unlike the classical quickest change de-
tection problem, where the decision maker only chooses one
of the two controls, to stop and declare change or to con-
tinue taking observations, in the data-efficient quickest change
detection problem we considered in [14], the decision maker
must also decide—when the decision is to continue—whether
to take or skip the next observation.
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For the i.i.d. model, and for geometrically distributed ', we
showed in [14] that a two-threshold algorithm is asymptotically
optimal, as the probability of false alarm goes to zero. This
two-threshold algorithm, that we call the DE-Shiryaev algo-
rithm in the following, is a generalized version of the Shiryaev
algorithm from [4]. In the DE-Shiryaev algorithm, the a poste-
riori probability that the change has already happened condi-
tioned on available information, is computed at each time step,
and the change is declared the first time this probability crosses
a threshold A. When the a posteriori probability is below this
threshold A, observations are taken only when this probability
is above another threshold B < A. When an observation is
skipped, the a posteriori probability is updated using the prior
on the change point random variable. We also showed that,
for reasonable values of the false alarm constraint and the ob-
servation cost constraint, these two thresholds can be selected
independent of each other: the upper threshold A can be se-
lected directly from the false alarm constraint and the lower
threshold B can be selected directly from the observation cost
constraint. Finally, we showed that the DE-Shiryaev algorithm
achieves a significant gain in performance over the approach
of fractional sampling, where the Shiryaev algorithm is used
and an observation is skipped based on the outcome of a coin
toss.

In this paper, we study the data-efficient quickest change de-
tection problem in a non-Bayesian setting, by introducing an
additional constraint on the cost of observations used in the de-
tection process, in the minimax settings of [6] and [7]. We first
use the insights from the Bayesian analysis in [14] to propose a
metric for data efficiency in the absence of knowledge of the dis-
tribution on the change point. This metric is the fraction of time
samples taken before change. We then propose extensions of
the minimax formulations in [6] and [7] by introducing an addi-
tional constraint on data efficiency in these formulations. Thus,
the objective is to find a stopping time and an ON-OFF obser-
vation control policy to minimize a version of the worst case
average delay, subject to constraints on the mean time to false
alarm and the fraction of time observations are taken before
change. Then, motivated by the structure of the DE-Shiryaev al-
gorithm, we propose an extension of the CuSum algorithm from
[13]. We call this extension the DE-CuSum algorithm. We show
that the DE-CuSum algorithm inherits the good properties of
the DE-Shiryaev algorithm. That is, the DE-CuSum algorithm is
asymptotically optimal, is easy to design, and provides substan-
tial performance improvements over the approach of fractional
sampling, where the CuSum algorithm is used and observations
are skipped based on the outcome of a sequence of coin tosses,
independent of the observations process.

The problem of detecting an anomaly in the behavior of an
industrial process, under cost considerations, is also considered
in the literature of statistical process control. There, it is studied
under the heading of sampling rate control or sampling size con-
trol; see [15] and [16] for a detailed survey, and the references
in [14] for some recent results. However, none of these refer-
ences study the data-efficient quickest change detection problem
under the classical quickest change detection setting, as done by
us in [14] and in this paper. For a result similar to our work in

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 59, NO. 10, OCTOBER 2013

TABLE I
GLOSSARY
Symbol Definition/Interpretation
o(1) z =o0(1) as ¢ — ¢y, if Ve > 0,
36 >0s.t, |z| <eif [c—co| <6
0(1) z=0(1)as c—co, if I >0, >0
sit, |z <eif [c—co| <&
9 ~he) | limec, £ =1
asc—cg | or g(e) = h(c)(1+0(1)) as ¢ — ¢
P, (E,) Probability measure (expectation)
when the change occurs at time n
Py (Exo) Probability measure (expectation)
when the change does not occur
ess sup X inf{K e R: P(X > K) =0}
L(X) ies
o sk
D(f1 | fo) K-L Divergence between f; and fo,
defined as E; (log Jf‘ogg)
D(fo |l f1) K-L Divergence between fo and fi,
defined as Eo, <1og ;;g;)
()™ max{z,0}
(@)"* max{z, —h}
T(z) [(@)"* /]
M, M, =1 if X, is used for decision making
v Policy for data-efficient quickest
change detection {7, My, -+ ,M,}
ADD(T) | S, B( = n) B, [(r — n)*]
PFA(T) Yool o P(T =n) Po(r < n)
FAR(T) ﬁ[ﬂ
WADD(¥) sup ess sup E, [(T —n)T|Ln-1]
CADD(7) sg[; E,[r —n|r > n]
PDC(¥) limsup, 2E, [ Z;ll Mk‘T > n]
Ia Indicator function for event A
E[X; 4] E[XT4]

[14] in a Bayesian setting, see [17]. See [18] and [19] for other
interesting formulations of quickest change detection with ob-
servation control.

Since our work in this paper on data-efficient non-Bayesian
quickest change detection is motivated by our work on data-ef-
ficient Bayesian quickest change detection in [14], in Section II,
we provide a detailed overview of the results from [14]. We
also comment on the insights provided by the Bayesian anal-
ysis, which we use in the development of a theory for the non-
Bayesian setting. In Sections III-V, we give details of the min-
imax formulations, a description of the DE-CuSum algorithm
and the analysis of the DE-CuSum algorithm, respectively. In
Section VI, we provide some numerical results .

Table I provides a glossary of the terms used in the paper.
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II. DATA-EFFICIENT BAYESIAN QUICKEST CHANGE DETECTION

In this section, we review the Bayesian version of the data-ef-
ficient quickest change detection we studied in [14]. We con-
sider the i.i.d. model, i.e., {X,,} is a sequence of random vari-
ables, {X,,} forn < T are i.i.d. with p.d.f. fo, and {X,,} for
n > I are i.i.d. with p.d.f. f1. We further assume that I" is geo-
metrically distributed with parameter p:

PC=n)=(1-p)"'p. 0<p<l.

For data-efficient quickest change detection, we consider the
following class of control policies. At each time n,n > 0, a de-
cision is made as to whether to fake or skip the observation at
time n + 1. Let M,, be the indicator random variable such that
M,, = 1if X, is used for decision making, and M,, = 0 other-
wise. Thus, M,, 1 is a function of the information available at
time n, 1.e.,

]\477,4-1 — ¢n,(In)~,

where ¢,, is the control law at time 7, and

I, = [Ml, e My, X ,XrgMn)}

represents the information at time n. Here, X Z-(Mi ) represents X;
if M; = 1, otherwise X; is absent from the information vector
1,,. Also, Iy is an empty set.

For time n > 1, based on the information vector I,,, a de-
cision is made whether to stop and declare change or to con-
tinue taking observations. Let 7 be a stopping time on the in-
formation sequence {1}, that is, l{7—n} is a measurable func-
tion of I,,. Here, Iy represents the indicator of the event F'.
Thus, a policy for data-efficient quickest change detection is
U= {rdo....,d0; 1}

Define the average detection delay

ADD(¥) £ E [( - I')7],
the probability of false alarm
PFA(T) £ P(r < T)

3

and the metric for data-efficiency in the Bayesian setting we
considered in [14], the average number of observations used
before the change point,

min(r,I'-1)

>,

n=1

ANO(U) 2 E M,

The objective in [14] is to solve the following optimization

problem:
Problem 1:
Inini\pmize ADD(V),
subject to PFA(T) < a, )
and  ANO(D) < ¢,

where, « and ¢ are given constraints.

When ¢ > E[I'] — 1, Problem 1 reduces to the classical
Bayesian quickest change detection problem considered by
Shiryaev in [4].
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Fig. 1. Typical evolution of the Shiryaev and the DE-Shiryaev algorithms
applied to the same set of samples. Parameters used: fo ~ A7(0,1),
fi ~ AN(0.7,1), and p = 0.01, with thresholds A = 0.65 and B = 0).2.

A. DE-Shiryaev Algorithm
Define

pn =PI <n|l,).

Then, the two-threshold algorithm from [14] is as follows.
Algorithm I (DE-Shiryaev: W(A, B)): Start with py = 0 and
use the following control, with B < A, forn > 0:

B _Jo, ifp, <D
Mp41 — Qb'n(pn) — { 17 ifpn Z B
™ =inf{n>1:p, > A}. ?2)

The probability p,, is updated using the following recursions:

{ﬁnv ian+l =0

Prn+1 = P L(Xg1) . _
T Fa gy Mot =1

with pn = pn + (1 — pn)p and L(X,y1) =
Fi(Xos1)/ fo(Xng1).

With B = 0, the DE-Shiryaev algorithm reduces to the
Shiryaev algorithm from [4].

The motivation for this algorithm comes from the fact that p,,
is a sufficient statistics for a Lagrangian relaxation of Problem
1. This relaxed problem can be studied using dynamic program-
ming, and numerical studies of the resulting Bellman equation
show that the DE-Shiryaev algorithm is optimal for a wide
choice of system parameters. For an analytical justification, see
Section II-B.

When Algorithm 1 is employed, the probability p,, typically
evolves as depicted in Fig. 1. As observed in Fig. 1, the evolu-
tion starts with an initial value of pg = 0. This is because we
have implicitly assumed that the probability that the change has
already happened even before we start taking observations is
zero. Also note that when p,, < B, p,, increases monotonically.
This is because when an observation is skipped, p,, is updated
using the prior on the change point, and as a result, the proba-
bility that the change has already happened increases monotoni-
cally. The change is declared at time T+, , the first time p,, crosses
the threshold A.

B. Asymptotic Optimality and Tradeoff Curves
We note that

PFA(U(A, B)) =E[1 — p,, ] <1— A.
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£,(0,1), £,(0.8,1), p=0.01, 50% samples dropped

45 <} Fractionsample| "
© DE-Shiryaev =
40 HShiryaev

1?.5 3 3.5 4 4.5 5 5.5 6 6.5 1 1.8
11og (PFA) | >

Fig. 2. Comparative performance of schemes for f, ~
fi ~ N(0.8,1),and p = 0.01.
Thus, with A = 1 — a,

PFA(¥(A, B)) < a

It is shown in [14] that the PFA and ADD of the DE-Shiryaev
algorithm approach that of the Shiryaev algorithm as a« — 0.

Specifically, the following theorem is proved.
Theorem 2.1 (see [14]): 1f

0<D(foll f1)<oo and 0<D(f1 | fo) < oc,

and £(X) is nonarithmetic (see [20]), then for a fixed (, the
threshold B can be selected such that for every A > B,
ANO(¥ (4, B)) < ¢,
and with 3 fixed to this valueand A = A, =1 — o,
| log(a)]
ADD(Y(A,, B)) ~ - - as @ — 0,
(e B0~ DR Fod + NosT = o) '

and
PFA(V(A,, B)) ~ « (/oC Ede(IL')) asa— 0. (4)
Jo

Here, R(x) is the asymptotic overshoot distribution of the
random walk >, (#(Xy) + |log(1 — p)|), when it crosses
a large positive boundary under f;. Since (3) and (4) are also
the performance of the Shiryaev algorithm as @ — 0 [5], the
DE-Shiryaev algorithm is asymptotically optimal.

Equation (4) shows that PFA is not a function of the threshold
B. In [14], it is shown that as &« — 0 and as p — 0, ANO is
a function of B alone. Thus, for reasonable values of the con-
straints « and /3, the constraints can be met independent of each
other.

Although (3) is true for each fixed value of {, as ( becomes
smaller, a smaller value of « is needed before the asymptotics
“kick in.”

Fig. 2 compares the performance of the Shiryaev algorithm,
the DE-Shiryaev algorithm and the fractional sampling scheme,
for ¢ = 50. In the fractional sampling scheme, the Shiryaev al-
gorithm is used and samples are skipped by tossing a biased coin
(with probability of success 50/99), without looking at the state
of the system. When a sample is skipped in the fractional sam-
pling scheme, the Shiryaev statistic is updated using the prior
on change point. The figure clearly shows a substantial gap in
performance between the DE-Shiryaev algorithm and the frac-
tional sampling scheme.
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More accurate estimates of the delay and that of ANO are
available in [14].

C. Insights From the Bayesian Setting

We make the following observations on the evolution of the
statistic p,, in Fig. 1.

1) Let

t(B) =inf{n > 1:p, > B}.

Then, after ¢{(B), the number of samples skipped when p,,
goes below B is a function of the undershoot of p,, and the
geometric parameter p. If L*(X,,) is defined as

L*(X,) = {i(Xn); i?%: - 1
Then, 7%~ can be shown to be equal to
Pn e (1= Pk oI, LF(X5)
1—p, P(T > n) )
Thus, 5 is the average likelihood ratio of all the obser-

Vatlons taken till time n, and since there is a one-to-one
mapping between p,, and 2= —o—, wesee that the number of
samples skipped is a functlon ‘of the likelihood ratio of the
observations taken.

2) When p,, crosses B from below, it does so with an over-
shoot that is bounded by p. This is because

=1 —pn)p <p.

For small values of p, this overshoot is essentially zero, and
the evolution of p,, is roughly statistically independent of
its past evolution. Thus, beyond #(B), the evolution of p,,
can be seen as a sequence of two-sided statistically inde-
pendent tests, each two-sided test being a test for sequen-
tial hypothesis testing between “Hy = prechange,” and
“H; = postchange.” If the decision in the two-sided test
is Hy, then samples are skipped depending on the likeli-
hood ratio of the observations, and the two-sided test is
repeated on the samples beyond the skipped samples. The
change is declared the first time the decision in a two-sided
test is H.

3) Because of the above interpretation of the evolution of the
DE-Shiryaev algorithm as a sequence of roughly indepen-
dent two-sided tests, we see that the constraint on the ob-
servation cost is met by delaying the measurement process
on the basis of the prior statistical knowledge of the change
point, and then beyond #(B), controlling the fraction of
time p,, is above B, i.e., controlling the fraction of time
samples are taken.

These insights will be crucial to the development of a theory
for data-efficient quickest change detection in the non-Bayesian
setting.

Pn+1 —

III. DATA-EFFICIENT MINIMAX FORMULATION

In the absence of a prior knowledge on the distribution of
the change point, as is standard in the classical quickest change
detection literature, we model the change point as an unknown
constant . As a result, the quantities ADD, PFA,ANO in
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Problem 1 are not well defined. Thus, we study the data-effi-
cient quickest change detection problem in minimax settings.
In this paper, we consider two most popular minimax formula-
tions: one is due to Pollak [7] and another is due to Lorden [6].

We will use the insights from the Bayesian setting of
Section II to study data-efficient minimax quickest change
detection. Our development will essentially follow the layout
of the Bayesian setting. Specifically, we first propose two min-
imax formulations for data-efficient quickest change detection.
Motivated by the structure of the DE-Shiryaev algorithm, we
then propose an algorithm for data-efficient quickest change de-
tection in the minimax settings. This algorithm is a generalized
version of the CuSum algorithm [13]. We call this algorithm the
DE-CuSum algorithm. We show that the DE-CuSum algorithm
is asymptotically optimal under both minimax settings. We also
show that in the DE-CuSum algorithm, the constraints on false
alarm and observation cost can be met independent of each
other. Finally, we show that we can achieve a substantial gain
in performance by using the DE-CuSum algorithm as compared
to the approach of fractional sampling.

We first propose a metric for data-efficiency in a
non-Bayesian setting. In Section II-C, we saw that in the
DE-Shiryaev algorithm, observation cost constraint is met
using an initial wait, and by controlling the fraction of time
observations are taken, after the initial wait. In the absence of
prior statistical knowledge on the change point, such an initial
wait cannot be justified. This motivates us to seek control
policies that can meet a constraint on the fraction of time
observations are taken before change. With M,,, [,,, 7, and ¥
as defined earlier in Section II, we propose the following duty
cycle based observation cost metric, Prechange Duty Cycle
(PDC):

n—1
PDC(T) = lim Sllp E, [Z Mk‘r >n

(&)

= lim bup —

Z]Wk"f >n

Clearly, PDC < 1.

We now discuss why we use limsup rather than sup in
defining PDC. In all reasonable policies ¥, M; will typically
be set to 1. As mentioned earlier, this is because an initial wait
cannot be justified without a prior statistical knowledge of the
change point. As a result, in (5), we cannot replace the lim sup
by sup, because the latter would give us a PDC value of 1.
Even otherwise, without any prior knowledge on the change
point, it is reasonable to assume that the value of v is large
corresponding to a rare change, and hence, the PDC metric
defined in (5) is a reasonable metric for our problem.

If in a policy all the observations are used for decision
making, then the PDC for that policy is 1. If every alternate
observation is used, then the PDC = 0.5.

For false alarm, we consider the metric used in [6] and [7],
the mean time to false alarm or its reciprocal, the false alarm
rate:

1

oo [T]

FAR(T) = (6)
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For delay, we consider two possibilities: the minimax setting
of Pollak [7] where the delay metric is the following supremum
over time of the conditional delay!

CADD(V) =sup E, [t —nlt >n], @)
or the minimax setting of Lorden [6], where the delay metric
is the supremum over time of the essential supremum of the
conditional delay?

WADD(®) = supess sup E,, [(r —n)"|I,-1].  (8)
Note that unlike the delay metric in [6], WADD in
(8) is a function of the observation control through
Lo = [My,... M, xP) ..,Xg"‘f;*”], which

may not contain the entire set of observations.
Since, {7 > n} belongs to the sigma algebra generated by
I, 1, we have

CADD(W) < WADD(U).

Our first minimax formulation is the following data-efficient
extension of Pollak [7].

Problem 2:
mini\gnize CADD(V¥),
subject to FAR(T) < « 9)
and  PDC(¥) < 4,

where 0 < «, # < 1 are given constraints.
We are also interested in the data-efficient extension of the
minimax formulation of Lorden [6].

Problem 3:
mini\;nizc WADD(W),
subject to FAR(T) < « (10)
and PDC(¥) < 3,

where, 0 < a, 3 < 1 are given constraints.

With # = 1, Problem 2 reduces to the minimax formulation
of Pollak in [7], and Problem 3 reduces to the minimax formu-
lation of Lorden in [6].

In [13], the following algorithm called the CuSum algorithm
is proposed:

Algorithm 2 (CuSum: U): Start with Cy = 0, and update
the statistic C,, as

Cn,+1 — (On + é(Xny-&-l))Jr s
where (2)T = max{0,z} and /(X)) = log ]’:1%; Stop at

7o =inf{n >1:C, > A}.

It is shown by Lai in [10] that the CuSum algorithm is asymptot-
ically optimal for both Problems 2 and 3, with § = 1,as @ — 0
(see Section V-B for a precise statement).

I'We are only interested in those policies for which the CADD is well
defined.

2The delay metric considered in [6] and [8] is actually
sup,, css sup E.[(r —n+ 1)*|I,_;]. However, these two met-
rics are equivalent as the WADD goes to infinity.
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In the following, we propose the DE-CuSum algorithm, an
extension of the CuSum algorithm for the data-efficient setting,
and show that it is asymptotically optimal, for each fixed 53, as
o — 0; see Section V-E.

IV. DE-CUSUM ALGORITHM

We now present the DE-CuSum algorithm.

Algorithm 3 (DE-CuSum: V. (A, i1, h)): Start with Dy = 0
and fix i > 0, A > 0 and h > 0. For n > 0, use the following
control:

[0, ifD, <0
M1 = { 1, ifD, >0
oo =inf{n >1:D, > A}.

The statistic D, is updated using the following recursions:

D _J min{D,, + p,0}, ifM,11=0
T (Dn +€(Xn+1))h+7 if]\4n+1 =1
where (2)"* = max{z, —h} and £(X) = log %

When 2 = oo, the DE-CuSum algorithm works as follows.
The statistic I, starts at 0 and evolves according to the CuSum
algorithm till it goes below 0. When D),, goes below 0, it does
so with an undershoot. Beyond this, D,, is incremented deter-
ministically (by using the recursion D,,y1 = D, + u), and
observations are skipped till D,, crosses 0 from below. As a
consequence, the number of observations that are skipped is de-
termined by the undershoot (log-likelihood ratio of the obser-
vations) as well as the parameter ;2. When D,, crosses 0 from
below, it is reset to 0 (this is the mathematical version of the
statement that beyond the skipped samples, the DE-CuSum sta-
tistics is computed using fresh samples). Once D,, = 0, the
process renews itself and continues to evolve this way until
D,, > A, at which time a change is declared.

Ifh < o0, D, is truncated to —h when D,, goes below 0 from
above. In other words, the undershoot is reset to —# if its mag-
nitude is larger than h. A finite value of & guarantees that the
number of consecutive samples skipped is bounded by L—L + 1.
The parameter / can be selected based on practical considera-
tions. This feature will also be crucial to the WADD analysis of
the DE-CuSum algorithm in Section V-D.

If h = 0, the DE-CuSum statistic [,, never becomes negative
and hence reduces to the CuSum statistic and evolves as: Dy =
0, and forn > 0,

D1 = max{0,D,, + £(X,11)}.

Thus, 1 is a substitute for the Bayesian prior p that is used
in the DE-Shiryaev algorithm described in Section II-A. But
unlike p which represents a prior statistical knowledge of the
change point, 1 is a design parameter. An appropriate value of
1 is selected to meet the constraint on PDC; see Section V-A
for details.

The evolution of the DE-CuSum algorithm is plotted in Fig. 3.
In analogy with the evolution of the DE-Shiryaev algorithm,
the DE-CuSum algorithm can also be seen as a sequence of in-
dependent two-sided tests. In each two-sided test, a sequential
probability ratio test (SPRT) [21], with log boundaries A and
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Fig. 3. Typical evolution of the CuSum and the DE-CuSum algorithms applied
to the same set of samples. Parameters used: fo ~ A (0,1), fi ~ A(0.75,1),
4 =40, A = 7,and ¢ = 0.05. With A = 0.5, the undershoots are truncated
at —0.5.

0, is used to distinguish between the two hypotheses “Hy =
prechange” and “H; = postchange.” If the decision in the
SPRT is in favor of Hy, then samples are skipped based on the
likelihood ratio of all the observations taken in the SPRT. A
change is declared the first time the decision in the sequence of
SPRTs is in favor of Hy. If h = 0, no samples are skipped and
the DE-CuSum reduces to the CuSum algorithm, i.e., to a se-
quence of SPRTs (also see [20]).

Unless it is required to have a bound on the maximum number
of samples skipped, the DE-CuSum algorithm can be controlled
by just two parameters: A and ;1. We will show in the following
that these two parameters can be selected independent of each
other directly from the constraints. That is, the threshold A can
be selected so that FAR < « independent of the value of .
Also, it is possible to select a value of p such that PDC < 3
independent of the choice of A.

Remark 1: With the way the DE-CuSum algorithm is defined,
we will see in the following that it may not be possible to meet
PDC constraints that are close to 1, with equality. We ignore
this issue in the rest of the paper, as in many practical settings,
the preferred value of PDC would be closer to 0 than 1. But, we
remark that the DE-CuSum algorithm can be easily modified to
achieve PDC values that are close to 1 by resetting I,, to zero
if the undershoot is smaller than a predesigned threshold.

Remark 2: One can also modify the Shiryaev—Roberts al-
gorithm [12] and obtain a two-threshold version of it, with an
upper threshold used for stopping and a lower threshold used
for ON-OFF observation control. Also note that the SPRTs of
the two-sided tests considered above have a lower threshold of
0. One can also propose variants of the DE-CuSum algorithm
with a negative lower threshold for the SPRTs.

Remark 3: For the CuSum algorithm, the supremum in (7)
and (8) is achieved when the change is applied at time n = 1
[see also (23)]. This is useful from the point of view of simu-
lating the test. However, in the data-efficient setting, since the
information vector also contains information about missed sam-
ples, the worst case change point in (7) would depend on the
observation control and may not be » = 1. But note that in
the DE-CuSum algorithm, the test statistic evolves as a Markov
process. As a result, the worst case usually occurs in the initial
slots, before the process hits stationarity. This is useful from the
point of view of simulating the algorithm. In the analysis of the
DE-CuSum algorithm provided in Section V, we will see that
the WADD of the DE-CuSum algorithm is equal to its delay
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Fig. 4. Evolution of D,, for fo ~ N'(0,1), fi ~ A'(0.75,1), and 4 = 40,
with A = 7, h = oo, and ¢ = 0.1. The two-sided tests with distribution of

A are shown in the figure. Also shown are the two components of A: A 4 and
T(x).

when change occurs at # = 1, plus a constant. Similarly, even
if computing the PDC may be a bit difficult using simulations,
we will provide simple numerically computable upper bound on
the PDC of the DE-CuSum algorithm that can be used to ensure
that the PDC constraint is satisfied. We also provide an approx-
imation using which the PDC can be set approximately.

V. ANALYSIS AND DESIGN OF THE DE-CUSUM ALGORITHM

The identification/interpretation of the DE-CuSum algorithm
as a sequence of two-sided tests will now be used in this section
to perform its asymptotic analysis. In the rest of the paper, we
use L(X) and £( X') to denote ;(1] E{f; and log J’:(l] 83 , respectively.

Recall that the DE-CuSum algorithm can be seen as a se-
quence of two sided tests; each two-sided test contains an SPRT
and a possible sojourn below zero, the length of the latter being
dependent on the likelihood ratio of the observations. To cap-
ture these quantities mathematically, we now define some new
variables.

Define the stopping time for an SPRT

AaBinf{n>1:) A(Xy) ¢ [0, A]}. (11)
k=1
To capture the sojourn time below 0, define for z < 0
T(x) = [(x)"*/u]. (12)

Note that T(0) = . We also define the stopping time for the
two-sided test

A=2,+T(Dy,) [I{DAA<0}' (13)
Let A, and A be the variables A, and A, respectively, when
the threshold A = oc.

The variables A4, A, and T'(x) should be interpreted as fol-
lows. The DE-CuSum algorithm can be seen as a sequence of
two-sided tests, with the stopping time of each two-sided test
distributed accordingly to the law of A. Each of the above two-
sided tests consists of an SPRT with stopping time distributed
accordingly to the law of A, and a sojourn of length T'(D3 , )
corresponding to the time for which the statistic DJ,, is below 0,
provided that at the stopping time for the SPRT, the accumulated
log likelihood is negative, i.e., the event {D,, < 0} happens.
See Fig. 4. In the figure, A1, Ag, ... are random variables dis-
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tributed accordingly to the law of A, and A1, Ao, . .. are random
variables distributed accordingly to the law of A ,.

The CuSum algorithm can also be seen as a sequence of
SPRTs, with the stopping time of each SPRT distributed ac-
cording to the law of A, (see [20]).

We now provide some results on the mean of A, and T'(x)
that will be used in the analysis of the DE-CuSum algorithm in
Sections V-A, V-C, and V-D.

If0 < D{fo || f1) < o0, then from [22, Corollary 2.4],

Eoo[A.] < o0, (14)
and by Wald’s lemma
Exol[Da [l = D(fo Il f1) Eso[As] < o0 (15)
Also for h > 0
EccllDAF ] € Ew[lDa[] < o0, (16)

where the finiteness follows from (15).

In the following lemma, we show that the quantity
Eco[As|Dx, < 0] is finite for every A and provide a fi-
nite upper bound to it that is not a function of the threshold A.
This result will be used in the PDC analysis in Section V-A.

Lemma 1: 0 < D(fo || f1) < oc, then for any A,
Eco[As|Da, < 0] is well defined and finite:

Eoo[A]
Eso[ra|Dr, < 0] < P (l(X)) < 0) < oc.

Proof: The proof of the first inequality is provided in the
Appendix. The second inequality is true by (14) and because
Po(4(X1) <0)>0. |

In the following lemma, we provide upper and lower bounds
on E.[T(Dx,)|Dxr, < 0] that are not a function of the
threshold A. The upper bound will be useful in the FAR anal-
ysis in Section V-C, and the lower bound will be useful in the
PDC analysis in Section V-A. Define

o) Eno[l(X0)"|; {4(X1) <0
e = ElltA)T {H(X) < 0}] (17
Iy
and
h+
(o) _ _ EoollDxT1] ey (18)
v 1P (4(X1) < 0)
Lemma 2: 1f0 < D(fo || f1) < oo and g > 0, then
T < En[T(Da)|Da, < 0] < TS (19)

Moreover, TL(TOO) < 20, and if A > 0, then T]goo) > 0.
Proof: The proof is provided in the Appendix. ]
In the next lemma, we show that the mean of
E1[T(Dyx,)|Dr, < 0] is finite under P; and obtain a
finite upper bound to it that is not a function of A. This result
will be used for the CADD and WADD analysis in Section V-D.
Let

@ E[|DYT]]

Ry <o e
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Lemma 3: 1f0 < D(fo || f1) < oo and g > 0, then
E\[T(Dx,)|Dx, <0] < TV < oo
Proof: The proof is provided in the Appendix. ]

A. Meeting the PDC Constraint

In this section, we show that the PDC metric is well defined
for the DE-CuSum algorithm. In general, PDC(¥,) will de-
pend on both A and ;¢ (apart from the obvious dependence on
fo and f1). But, we show that it is possible to choose a value of
4+ that ensures that the PDC constraint of # can be met indepen-
dent of the choice of A. The latter is be crucial to the asymptotic
optimality proof of the DE-CuSum algorithm provided later in
Section V-E.

Theorem 5.1: For fixed values of A, h, and y+ > 0, if 0 <
D(fo Il f1) < oo, then

PDC(¥ (A, u, h)) =
[EOO[)\A|D>\A < 0]

[Eoo[/\A|D)\A < 0] + [an[T(DAA)

@
D,\A <O]

Proof: Consider an alternating renewal process {V,,, U, },

i.e., a renewal process with renewal times {V1,Vy + Uy, Vi +

1 4 Va,...}, with {V,,} i.i.d. with distribution of A, condi-

tioned on {D,, < 0}, and {U,} ii.d. with distribution of
T(D, ,) conditioned on { Dy, < 0}. Thus,

Ex[V1] = Eco[Aa]|Da, < 0]

and
Ewo[U1] = Exo[T(Dxy) | Day < 0.

Both the means are finite by Lemmas 1 and 2.

At time n assign a reward of I,, = 1 if the renewal cycle
in progress has the law of Vi, set I7,, = 0 otherwise. Then, by
renewal reward theorem,

n—1
>
k=1
On {7 > n}, the total number of observations taken till time
n — 1 has the same distribution as the total reward for the al-
ternating renewal process defined above. Hence, the expected

value of the average reward for both the sequences must have
the same limit:

Eoo[V1]
T Eo[Vi] + En[Uh]

1
_IEoo
n

n—1

Z M,
k=1

1
PDC(¥,,(A, b)) = lim —E,
con

n—oc

Toc 2 n]

_ IEoc[)\A‘D)\A < O] (22)
Eco[AalDxy < 0]+ Eao[T(Dr,)|Dx, < 0]

]

If h = 0, then E.[T(Da,)|Dxr, < 0] = 0 and we get the
PDC of the CuSum algorithm that is equal to 1.

As can be seen from (21), PDC is a function of A as well
as that of ~ and pi. We now show that for any A and h > 0,
the DE-CuSum algorithm can be designed to meet any PDC
constraint of 3. Moreover, for a given A > 0, a value of p
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can always be selected such that the PDC constraint of 3 is
met independent of the choice of A. The latter is convenient
not only from a practical point of view, but will also help in
the asymptotic optimality proof of the DE-CuSum algorithm in
Section V-E.

Theorem 5.2: For the DE-CuSum algorithm, for any choice
of Aand h > 0,1f0 < D(fo || f1) < o0, then we can always
choose a value of iz to meet any given PDC constraint of 3.
Moreover, for any fixed value of 2 > 0, there exists a value of
w say p*(h) such that for every A,

PDC(U,. (A, ", b)) < 4.
In fact any (4 that satisfies

Eoo[[E(X0)"F] [ £(X1) < 0] Poo(£(X1) < 0)% g

<
o= Eo[M] 1- g

can be used as p*.
Proof: Note that E.[A.|Dx, < 0] is not affected by the
choice of 2 and +. Moreover, from Lemma 2

Eoe[T(Dy,) | Dr, < 0] > T,
Thus, from (17), for a given A and £,
EwT(Dx )| Dr, < 0] = coas u — 0.

Therefore, we can always select a ¢+ small enough so that the
PDC is smaller than the given constraint of /3.
Next, our aim is to find a ;#* such that for every A

Eoo[Aa| Dy, < 0]
Eco[MalDxy < 0]+ Ecc[T(Dx,))

<8

DAA <0]

Since, PDC increases as E.o[A1|Dx, < 0] increases and
Ex[T(Dx,)| D, < 0] decreases, we have from Lemmas 1
and 2,

Eoo[Mo]
EaolAo] + T8 Poo(8(X1) < 0)

PDC(¥ye) <

Then, the theorem is proved if we select x such that the right-
hand side of the above equation is less than 3 or using (17), a j
that satisfies

EncllEX0)" || £0X1) < 0] Poc(6(X) < 02 4
s ED] 5

]
While the existence of 1* proved by Theorem 5.2 above is
critical for asymptotic optimality of the DE-CuSum algorithm,
the estimate it provides when substituted for g in (21) may be
a bit conservative. In Section V-F, we provide a good approx-
imation to PDC that can be used to choose the value of ;¢ in
practice. In Section VI, we provide numerical results showing
the accuracy of the approximation.
Remark 4: By Theorem 5.2, for any value of 2, we can select
a value of p small enough, so that any PDC constraint close
to zero can be met with equality. However, meeting the PDC
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constraint with equality may not be possible if 3 is close to 1.
This is because if & # 0, then

Eoo[A]

PDC(“PDC) < [Eoc[/\oc] + I]:"OO(K(X) < 0)

< 1.

However, as mentioned earlier, for most practical applications,
[ will be close to zero than 1, and hence, this issue will not be en-
countered. If 3 close to 1 is indeed desired, then the DE-CuSum
algorithm can be easily modified to address this issue (by skip-
ping samples only when the undershoot is larger than a pre-
designed threshold).

B. Analysis of the CuSum Algorithm

In the sections to follow, we will express the performance of
the DE-CuSum algorithm in terms of the performance of the
CuSum algorithm. Therefore, in this section, we summarize the
performance of the CuSum algorithm.

It is easy to show (see [3]) that

CADD(V¥.) = WADD(¥P.) = Eq[re — 1]. (23)
From [6], if 0 < D(f1 || fo) < oc, then Eq[7.] < oo. More-
over, if {A1, A, ...} are i.i.d. random variables each with dis-
tribution of A ,, then by Wald’s lemma [20]

N
Eilre] = Ex lZ /\k] =ENEA 24
k=1

where N is the number of two-sided tests (SPRTs)—each with
distribution of A ,—executed before the change is declared.

It is also shown in [6] that O < D(f; || fo) < oo is also suffi-
cient to guarantee E . [7] < oc and FAR(¥ ) > 0. Moreover,

N
Eoc[7e] = Eoe [Z /\k] =Eo[N Ex[r].  (25)
k=1

The proof of the following theorem can be found in [6] and
[10].
Theorem 5.3: If0 < D(f1 || fo) < oo, thenwith A = log L

w’

FAR(V.) < «,

and as o — O,

| log «|
CADD(T.) = WADD(Y.) =Eq[re = 1] ~ ————.
e e =Bl o)
Thus, the CuSum algorithm is asymptotically optimal for
both Problems 3 and 2 because for any stopping time 7 with
FAR(T) < «,
| log ¢
WADD(r) > CADD(7r) > —————(1+0o(1)), (26)

as o — 0.

C. FAR for the DE-CuSum Algorithm

In this section, we characterize the false alarm rate of the
DE-CuSum algorithm. The following lemma shows that for a
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fixed A, i, and A, if the DE-CuSum algorithm and the CuSum
algorithm are applied to the same sequence of random vari-
ables, then sample-pathwise, the DE-CuSum statistic 1J,, is al-
ways below the CuSum statistic C,,. Thus, the DE-CuSum al-
gorithm crosses the threshold A only after the CuSum algorithm
has crossed it.

Lemma 4: Under any P,,, n > 1 and under P,

Cn > Dn~

Thus
Te < Toe.

Proof: This follows directly from the definition of the
DE-CuSum algorithm. If a sequence of samples causes the
statistic of the DE-CuSum algorithm to go above A, then since
all the samples are utilized in the CuSum algorithm, the same
sequence must also cause the CuSum statistic to go above A. l

It follows as a corollary of Lemma 4 that

Elc] € Esolmne]-

The following theorem shows that these quantities are finite and
also provides an estimate for FAR(W ).

Theorem 5.4: For any fixed /4 (including # = oc) and i > 0,
if

0<D(fol|l f1)<oc and 0< D(f1] fo) < oo,
then with A = log é,

FAR(V,.) < FAR(V.) < .
Moreover, for any A

[Eoc[T(DAA) I]{DAA<O}]

Foolroe] = Ewlre] + —F Dr. > 0) (27
and as A — oo,
FAR(U5c) Eoc[A.] (28)
FAR(W.)  Eso[Au]+ Eco[T(Ds )]’

where A, is the variable A, with A = oc. The limit in (28) is
strictly less than 1 if & > 0.

Proof: For a fixed A, let N, be the number of two-sided
tests of distribution A executed before the change is declared in
the DE-CuSum algorithm. Then, if {A;, As, ...} is a sequence
of random variables each with distribution of A, then

Na
[EQC[TDC] = [EOO [Z Ak‘| .
k=1
Because of the renewal nature of the DE-CuSum algorithm,

Eco[Na] = Ec[N],

where N is the number of SPRTs used in the CuSum algorithm.
Thus, from (25),

Eoo[Na] = Exo[N] < Eno[re] < oc.
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Further, from (13),
Eoc[A] = Eso[Aa] + Eo[T(Da ) lip, <oyl (29)
From (25) again
Ecc[A] < Ewclre] < o0,

Moreover, from Lemma 2

Ewo[T(Dx,) Up, <0yl SES[T(Dyr,) | Day <0]

gT{E?O) < 0.

Thus, E.,[A] < o0 and

A‘-’\/_AA
D> A
k=1

It follows as a corollary of Lemma 4 and Theorem 5.3 that for
A = log é,

Eool|moc] = Eoo = Eo[Na] Ex[A] < 0.

FAR(Tp.) < FAR(T,,) < a.

Since N, is Geom (P, (Dx, > 0)), (27) follows from (29)
and (25):

_ Ex[A]
Eeclrocl = 55, 570
 ElA] Ex[T(Dr,) Up, , <0y]
P (Dy, >0) Pw(Dy, > 0)
B Ex[T(Dx4) Y, , <03]
=Eo|[re] + Po(Dr, > 0) (30)
Further, since E.,[N,] = E[V], we have
Ew[re]  Ex[N]Ex[Ai]  Ex[Ai]
Ewlmo]  Eoo[Ni Ex[A]  Ex[A]C

Since A, T A, and A T A_, we have by monotone convergence
theorem, as A — oo,

Eoc[rc] _ Eoo[A..] _ Eoc[A..]
IEOO[TDC] E()O[Aoo] [Eoo[/\oc] + [EOO[T(DAx )] '
The limit is clearly less than 1 if 2 > 0. |

Remark 5: Thus, unlike the Bayesian setting where the PFA
of the DE-Shiryaev algorithm converges to the PFA of the
Shiryaev algorithm, here the FAR of the DE-CuSum algorithm
is strictly less than the FAR of the CuSum algorithm. More-
over, for large A, the right-hand side of (28) is approximately
the PDC achieved. Thus, (28) shows that, asymptotically as
A — oo, the ratio of the FARs is approximately equal to the
PDC. This also shows that one can set the threshold in the
DE-CuSum algorithm to a value smaller than A = é to meet
the FAR constraint with equality. This latter fact will be used in
obtaining the numerical results in Section VI.

D. CADD and WADD of the DE-CuSum Algorithm

We now provide expressions for CADD and WADD of the
DE-CuSum algorithm The main content of Theorems 5.5 and
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5.6 is that for each value of A, the CADD and WADD of the
DE-CuSum algorithm is within a constant of the corresponding
performance of the CuSum algorithm. This constant is indepen-
dent of the choice of 4, and as a result, the delay performances
of the two algorithms is asymptotically the same. The results
depend on the following fundamental lemma. The lemma says
that when the change happens at n = 1, then the average delay
of the DE-CuSum algorithm starting with Dy = = > 0 is upper
bounded by the average delay of the algorithm when Dy = 0,
plus a constant.
Let

Thelz) =inf{n>1:D, > A; Dy = z}.

Here, D,, is the DE-CuSum statistic and evolves according the
description of the algorithm in Section IV. Thus, 7, () is the
first time for the DE-CuSum algorithm to cross A, when starting
at Doy = z. Clearly, m,¢(x) = T if 2 = 0.

Lemma 5: Let0 < D(f1 || fo) < ccand 0 < z < A. Then,

E1lmno ()] < Ea[mo] + T(Sl)a

where TL(,}) is an upper bound to the variable T'(x) [see (20)].
Moreover, if h < oo, then

[EI[TDC(-T)] < [El[TDC] + |—h//l—|

Proof: The proof is provided in the Appendix. |
We first provide the result for the CADDs of the two
algorithms.

Theorem 5.5: Let
0<D(foll f1) <oo and 0<D(f1 | fo) < oo.
Then, for fixed values of ¢+ > 0 and A, and for each A,
CADD(V,) < CADD(V.) + K,
where K is a constant not a function of A. Thus, as A — oo,
CADD(V,.) < CADD(V.) + O(1).
Proof: 1f the change happens at n = 1, then
Ei[moe — e 2 1] = Ei[mpe] — 1 < Eqfrpe].

Let the change happen at time » > 1. Then, on {D,, 1 > 0},
by Lemma 5, the average delay E, [T, — |7 > n] is bounded
from above by E1[71,¢] +T{(Jl), andon {D,,_1 < 0}, the average
delay is bounded from above by E;[r] plus the maximum
possible average time spent by the DE-CuSum statistic below
0 under P, which is T,SOO ), Thus, from Lemma 2, forn > 1,

E. [7'1)0 - 7Z|'/_uc > ”]

< ([EI[TDC] + T(S})) POQ(DH,1 > 0)
+ (El[TDc] + Tl(jx)) Po(D, 1 <0).
Thus, foralln > 1

E.[moc — nlmoe > 0] < Eq[me] + T(),vl) + T[(;C)‘
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Since the right-hand side of the above equation is not a function
of n, we have

CADD(¥,,) < Eqfre] + T + 1.

Following Theorem 5.4 and its proof, it is easy to see that

E:[T(Dx.) lp, , <0}]
Pl(D)\A > 0)

lEl[Tl)C] = IE].[TC} +
From Lemma 3 and the fact that P;(Dy, > 0) > Py(Dy_, >

0), we have

Ev[T(Dx,) lip, , <03 . 7Y
Pi(Dx, > 0) ~ Py(Dy. >0)

Also from (23), we have CADD(¥ ) = E4[r — 1]. Thus,

CADD(W,,c) < CADD(..)
i (1) | o)
v M plee)
+P1(DA&>())+ ot

This proves the theorem. ]

Note that the above theorem is valid even if 4 is not finite.
In contrast, it is possible that WADD(¥,..) = oo if h = o0;
e.g., when fy and f; are Gaussian densities. As a result, we
need a bound on the number of consecutive samples skipped
for finiteness of worst case delay according to the criterion of
Lorden.

We now express the WADD of the DE-CuSum algorithm in
terms of the WADD of the CuSum algorithm.

Theorem 5.6: Let

0<D(foll f1) <oo and 0<D(f1 | fo) < oo
Then, for fixed values of iz > 0 and A < oc, and for each A,
WADD(¥,,) < WADD(¥,,) + K>,
where K> is a constant not a function of A. Thus, as A — oc,
WADD(U ) < WADD(¥..) + O(1).
Proof: From Lemma 5, it follows that for n > 1
ess sup E,, [(TDC — 7L)+|In,1] < [h/p] + E1[mpe].
Since the right-hand side is not a function of » and it is greater
than Eq[rpe — 1], we have
WADD (Vo) < [h/u] + E1[moe]-
Thus, from the proof of theorem above and (23)

. TH
Pl(D)\oo > 0)

T
=WADD(U )+ ——U
(o) + P.(Dy_ > 0)

Eilmoc] < Eifrc]

+1,
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and we have
T
WADD(V,,.) < WADD(¥) + ——F——— 4 — 4 2.
(W) < ( (')+P1(D)\m > 0) +;1,+
This proves the theorem. ]

The following corollary follows easily from Theorems 5.3,
5.5, and 5.6.

Corollary 1: 1f0 < D(f1 || fo) < ocand0 < D(fo || f1) <
oc, then for fixed values of i and &, including the case of b = oo
(no truncation), as A — oo,

A
D(fill fo)
Moreover, if b < oo, then as A — oo,

A

CADD(Wp,,) ~

E. Asymptotic Optimality of the DE-CuSum Algorithm

We now use the results from the previous sections to show
that the DE-CuSum algorithm is asymptotically optimal.

The following theorem states that for a given PDC constraint
of /3, the DE-CuSum algorithm is asymptotically optimal for
both Problems 2 and 3, as &« — 0, for the following reasons:

1) the PDC of the DE-CuSum algorithm can be designed to

meet the constraint independent of the choice of A,

2) the CADD and WADD of the DE-CuSum algorithm ap-
proaches the corresponding performances of the CuSum
algorithm,

3) the FAR of the DE-CuSum algorithm is always better than
that of the CuSum algorithm, and

4) the CuSum algorithm is asymptotically optimal for both
Problems 2 and 3, with 5 = 1, as « — 0.

Theorem 5.7: Let 0 < D{(fi | fa) < oo and

0 < D(fo || f1) < oc. For a given a, set A = log L,
then for any choice of 4 and /4,

FAR(Tpe) < FAR(T.) < o

For a given 3, and for any given h, it is possible to select 1 =
p*(h) such that VA, and hence even with A = log 1,

PDC(Wp0) < 8.

Moreover, for each fixed 3, for any A and with p*(h) selected
to meet this PDC constraint of 3, as &« — 0 (or A — oc because
A =log 2),

1 | log a|
CADD(¥,(log —, A, *(R))) ~ CADD(V ) ~ ——2>——.
( DC( g()[/ / ( ))) ( "v) D(fl || ](0)
Furthermore, if the A chosen above is finite, then

1 | log o
WADD(WV,.(log —, A, ™ (h)) ~ WADD(V (o) ~v —————.
(Woelog b 5" (1) (¥~ pr
Proof: The result on FAR follows from Theorem 5.4. The
fact that one can selecta 1 = p*(h) to meet the PDC constraint
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independent of the choice of A follows from Theorem 5.2. Fi-
nally, the delay asymptotics follow from Theorems 5.5 and 5.6
and Corollary 1. |

Since, by Theorem 5.3, % is the best possible asymp-
totics performance for any given FAR constraint of «, the
above statement establishes the asymptotic optimality of the

DE-CuSum algorithm for both Problems 2 and 3.

F. Design of the DE-CuSum Algorithm

We now discuss how to set the parameters i, /2, and A so as
to meet a given FAR constraint of oz and a PDC constraint of 3.
Theorem 5.4 provides the guideline for choosing A: for any

hy s,

1
if A=log—, then FAR(Yp.) < a.
o
As discussed earlier, Theorem 5.2 provides a conservative
estimate of the PDC. For practical purposes, we suggest using
the following approximation for PDC (obtained in the limit as
A — o0):

Eoo[A]
Eoe[A] + Ecoll

PDC =~ (1)

Dyt
=1l
For large values of A, (31) will indeed provide a good estimate
of the PDC. We note that E.[A.,] can be computed numeri-
ft

cally; see [22, Corollary 2.4]. The quantity E [|—D
computed using Monte Carlo simulations.
If h = oc, then using (15) we can further simplify (31) to

PDC ~ Eco[A] = a

Eeolhn] + B2l i+ D(fo 1 /1)

-2=1] can be

(32)

Thus, to ensure PDC < [, the approximation above suggests
selecting ;¢ such that

p< %D(.fo I 0.

In Section VI, we provide numerical results that shows that the
approximation (32) indeed provides a good estimate of the PDC
when h = oo.

VI. TRADEOFF CURVES

The asymptotic optimality of the DE-CuSum algorithm for
all 3 does not guarantee good performance for moderate values
of FAR. In Fig. 5, we plot the tradeoff curves for the CuSum
algorithm and the DE-CuSum algorithm, obtained using simu-
lations. We plot the performance of the DE-CuSum algorithm
for two different PDC constraints: 8 = 0.5 and § = 0.25.
For simplicity, we restrict ourself to the CADD performance for
h = oo in this section. Similar performance comparisons can
be obtained for both CADD and WADD with 7, < oc.

Each of the curves for the DE-CuSum algorithm in Fig. 5 is
obtained in the following way. Five different threshold values
for A were arbitrarily selected. For each threshold value, a large
value of v was chosen, and the DE-CuSum algorithm was sim-
ulated and the fraction of time the observations is taken be-
fore change was computed. Specifically, v was increased in the
multiples of 100 and an estimate of the PDC was obtained by
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34

32k —+—DE-CuSum PDC=0.25
——DE-CuSum PDC=0.5
30F |~ CuSum

CADD 24}

7.5 8 8.5 9 9.5 10 10.5
|log (FAR) | ——>

Fig. 5. Tradeoff curves for the DE-CuSum algorithm for PDC = 0.25,0.5,
with fy ~ A(0,1) and fi ~ A(0.75,1).

Monte Carlo simulations. The value of ;s was so chosen that the
PDC value obtained in simulations was slightly below the con-
straint 7 = 0.5 or 0.25. For this value of i and for the chosen
threshold, the FAR was computed by selecting the change time
to be v = oo (generating random numbers from fy ~ N(0, 1)).
The CADD was then computed for the above choice of 1 and A
by varying the value of v from 1, 2, . .. and recording the max-
imum of the conditional delay. The maximum was achieved in
the first five slots.

As can be seen from the figure, a PDC of 0.5 (using only
50% of the samples in the long run) can be achieved using the
DE-CuSum algorithm with a small penalty on the delay. If we
wish to achieve a PDC of 0.25, then we have to incur a signif-
icant penalty (of approximately six slots in Fig. 5). But, note
that the difference of delay with the CuSum algorithm remains
fixed as FAR — 0. This is due to the result reported in Theorem
5.5 and this is precisely the reason the DE-CuSum algorithm is
asymptotic optimal. The tradeoff between CADD and FAR is a
function of the K-L divergence between the p.d.f.’s f1 and fj:
the larger the K-L divergence the more is the fraction of samples
that can dropped for a given loss in delay performance.

In Fig. 6, we compare the performance of the DE-CuSum al-
gorithm with the fraction sampling scheme, in which, to achieve
a PDC of 3, the CuSum algorithm is employed, and a sample
is chosen with probability 3 for decision making. Note that this
scheme skips samples without exploiting any knowledge about
the state of the system. As seen in Fig. 6, the DE-CuSum algo-
rithm performs considerably better than the fractional sampling
scheme. Thus, the tradeoff curves show that the DE-CuSum al-
gorithm has good performance even for moderate FAR, when
the PDC constraint is moderate.

We now provide numerical results that show that (32) pro-
vides a good estimate for the PDC. We use the following pa-
rameters: fo ~ N(0,1), fi ~ N(0.75,1) and set b = oc.
In Table II(a), we fix the value of i and vary A and compare
the PDC obtained using simulations and the one obtained using
(32), that is using the approximation PDC = m. We
see that the approximation becomes more accurate as A in-
creases. We also note that the PDC obtained using simulations
does not converge to m, even as 4 becomes large, be-
cause of the effect of the presence of a ceiling function in the
PDC expression; see (12) and (21).



BANERIJEE AND VEERAVALLI: DATA-EFFICIENT QUICKEST CHANGE DETECTION IN MINIMAX SETTINGS

6929

TABLE II
CompaRrISON OF PDC OBTAINED USING SIMULATIONS WITH THE APPROXIMATION (32)

FOR fo ~ A(0,1), fi

~ N(0.75,1) AND h = =c. (A) FIXED . (B) FIXED A

PDC
PDC
Al p Simulations | Approx (32)
Al p Simulations | Approx (32)
TR
u p+D(follf1)
stDllln) 6 | 0.01 | 0.033 0.034
1 | 01]o0.16 0.26
6 | 0.05 | 0.145 0.151
2 |01 020 0.26
6 | 0.2 0.37 0.41
3 101022 0.26
6 |03 0.46 0.51
4 | 0.1 0.238 0.26
6 | 04 | 051 0.58
6 | 0.1 | 0.248 0.26
6 | 0.6 0.58 0.68
(@)
()
50 £y = N(0:1) £y = W(0.78:1) the DE-CuSum algorithm using standard renewal theory tools,
-+-Fractional Sampling ) = and also to show its asymptotic optimality. We also showed
45[ | e~ DE-CuSum B RE in our numerical results that the DE-CuSum algorithm has
i e good tradeoff curves and provides substantial benefits over the
0 e approach of fractional sampling. The techniques developed
35l ) in this paper and the insights obtained can be used to study
. data-efficient quickest change detection in sensor networks.
caen 2 1 See [23]-[25] for some preliminary results.
25¢ 1
/ APPENDIX
20f 1
Proof of Lemma 1: If 0 < D(fy || f1) < oo, then
15z 5 s 5 -3 s Eco[As] < 00. Thus, Poo (A < 00) = 1. Also,
|1log (FAR) |

Fig. 6. Comparative performance of the DE-CuSum algorithm with the
CuSum algorithm and the fractional-sampling scheme: PDC = 0.5, with
fo ~ N(0,1) and f1 ~ A(0.75,1).

In Table II(b), we next fix a large value of A, specifically
A = 6, for which the PDC approximation is most accurate
in Table II(a), and check the accuracy of the approximation
m by varying y. We see in the table that the approxi-
mation i1s more accurate for small values of ;. This is due to the
fact that the effect of the ceiling function in the PDC (12), (21)
is negligible when 4« is small.

VII. CONCLUSIONS AND FUTURE WORK

We proposed two minimax formulations for data-efficient
non-Bayesian quickest change detection, which are extensions
of the standard minimax formulations in [6] and [7] to the
data-efficient setting. We proposed an algorithm called the
DE-CuSum algorithm, that is a modified version of the CuSum
algorithm from [13], and showed that it is asymptotically
optimal for both the minimax formulations we proposed, as the
false alarm rate goes to zero.

We discussed that, like the CuSum algorithm, the DE-CuSum
algorithm can also be seen as a sequence of SPRTs, with the
difference that each SPRT is now followed by a “sleep” time,
the duration of which is a function of the accumulated log
likelihood of the observations taken in the SPRT preceding it.
This similarity was exploited to analyze the performance of

Poo(Da, <0) > Po(4(X1) <0) > 0.

Thus, Eco[Aa < 0] is well defined and
Eoc[Ae] 2 Esc[A4]
> Eoc[Aa < 0] Poo (D, < 0).
> Eoo[Ma < 0] P (4(X1) < 0).
This proves the lemma. ]

Proof of Lemma 2: Again note that

PoolDy, <0) > P (((X1) < 0) > 0.

Thus, [EOO[T(D,\A)’D,\A < 0] is well defined.
Since T'(z) = [|z"*|/p], we have
h+ h+
[ |§T(:};)§ Lt B
; 7

We will use this simple inequality to obtain the upper and lower
bounds.
We first obtain the upper bound. Clearly,

Exo[ID3T] | Doy < 0]

[EOO[T(D)\A) D)\A < O] + 1.

I
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An upper bound for the right-hand side of the above equation is
easily obtained. First note that from (16)

ElD} ] < Ex[Da]l < o,
and
Ew[[D4* ] 2 EwlID}F]| Da, < 0] Poc(Da, < 0).
> Eo[|Dk | ‘ Dx, < 0] Poo(6(X1) < 0).

This completes the proof for the upper bound.
For the lower bound, we have

EwclT(Dr,) | Day <0

E. (D! ‘ Dy, < 0]

7
U(X1) < 0} ‘ Dy, < 0]

W

Ew[l4(X0)" || 4(X1) < 0]
- . Poo(4(X1) < 0).

Eoe [l DT

In the above equation we have used the fact that the uncondi-

tional probability P..(£(X1) < 0) is smaller than the condi-

tional one Po, (£(X1) < 0|Dy, < 0). |
Proof of Lemma 3: First note that

Pi(Da, <0)>P1(4(X1) <0) > 0.

Thus, E1[T(Dy,)|Dx, < 0] is well defined. Also using the
inequality on T(x) from Lemma 2, we have

Ei[ID3T1 | Do, < 0]

El[T(D)\A) D)\A <()]§ + 1.

(33)
I

We now get an upper bound on the right-hand side of the
above equation. By Wald’s likelihood ratio identity [20] and

(16),

E1[[DYF]5 Da. < 0]
=E[|1D}T )5 AL < o]

Aco
= EL[DV I ] L(XR) 1 An < 2] (34)
k=1

= Ex[|[DYF] eP2= 5 Dy < 0]
<ER[DVE]] < Exc[lDa.]] < oo

Using again the technique used in the proof of Lemma 1, we
have

; Dy, < 0]

> Eq[|D{T |5 Da, <0

> Eq[|DYT || D, < 0] PL(£(X1) < 0) (35)
= [E1[|D§j| | Dy, < 0] P1(4(X1) <0).

E [IDYY
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Thus, from (33)—(35)

Ev(ID}F] | Da,y <00

Ei[T(Dx,)|Da, < 0] < +1

I
E1[|[DYT |5 Da. <0
pPi(f(X1) <0)
Eoo[|[ DAY ]
o P1(4(X1) < 0)
< 0C.

+1

+1

This proves the lemma. |
Proof of Lemma 5: Let

Tolz)=inf{n >1:C, > A;Cy = x}.

Here, C), is the CuSum statistic and evolves according to the
description of the algorithm in Algorithm 2. Thus, 7. () is the
first time for the CuSum algorithm to cross A, when starting at
Cy = z. Clearly, 7,(z) = 7 if z = 0. It is easy to see by
sample pathwise arguments that

Eifre(#)] < Ealre].

The proof depends on the above inequality.

Let A, be the event that the CuSum statistic, starting with
Cy = =z, touches zero before crossing the upper threshold A.
Let g, = P1(A,). Then,

Ei[re(x)] = Bq[re(2); As] + B[ (2): AL] < Eq[rc].
Note that
Eilre(2); Ay] = Ei[roc(w); AL

We call this common constant t;. Also note that on A,, the
average time taken to reach 0 is the same for both the CuSum
and the DE-CuSum algorithm. We call this common average
conditional delay by t;. Thus,

Eilre(@)] = (t)(1 = ¢2) + qu(ta + Ea[rc]) < Ey[re].

The equality in the above equation is true because, once the
DE-CuSum statistic reaches zero, it is reset to zero and the av-
erage delay that point onwards is E;[7¢].

Then, for any t3 > Eq[7.], we have

(t)(1 — qu) + qu(t2 + t3) < ts.

This is because for t3 > E;[7¢]

(t)(1 = ¢u)+ go(t2 + 13)
=(t1)(1 — ¢2) + gu(to + Eq[7e] + 13 — Eq[7e])
<Ei[re] + ¢x(ts — E1[7c])
<ts.

It is easy to see that

Ex[roe ()] < (01)(1 = g2) + ¢ults + T + Ex[roe))-
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This is because on A,., the average delay of the DE-CuSum al-
gorithm is the average time to reach 0, which is t,, plus the
average time spent below 0 due to the undershoot, which is
bounded from above by T[E}) , plus the average delay after the so-
journ below 0, which is E1 [r¢]. The latter is due to the renewal
nature of the DE-CuSum algorithm. Since T{rl) + Ei[mpe] >
E;[7c], the first part of lemma is proved if we set t3 = Tb(rl) +
|E1 [’7’1)0] .

For the second part, note that Té}) < [h/u]. |
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