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Abstract We consider a distributed multi-agent network system where the goal is
to minimize a sum of convex objective functions of the agents subject to a common
convex constraint set. Each agent maintains an iterate sequence and communicates
the iterates to its neighbors. Then, each agent combines weighted averages of the
received iterates with its own iterate, and adjusts the iterate by using subgradient
information (known with stochastic errors) of its own function and by projecting
onto the constraint set.

The goal of this paper is to explore the effects of stochastic subgradient errors on
the convergence of the algorithm. We first consider the behavior of the algorithm in
mean, and then the convergence with probability 1 and in mean square. We consider
general stochastic errors that have uniformly bounded second moments and obtain
bounds on the limiting performance of the algorithm in mean for diminishing and
non-diminishing stepsizes. When the means of the errors diminish, we prove that
there is mean consensus between the agents and mean convergence to the optimum
function value for diminishing stepsizes. When the mean errors diminish sufficiently
fast, we strengthen the results to consensus and convergence of the iterates to an
optimal solution with probability 1 and in mean square.
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1 Introduction

A number of problems that arise in the context of peer to peer networks can be posed
as the constrained minimization of a sum of convex functions, where each component
function is known only to one agent in the network [1-13]. In such networks it is not
efficient, or possible, for an agent to share its objective function with other agents
due to energy and privacy constraints. In addition, the network topology is often time
varying due to agent mobility and link/node failures. Thus any algorithm used to
solve the optimization problem in these networks must be distributed, i.e., each agent
exchanges only limited information only with its immediate neighbors, and robust to
changes in the network topology.

In literature two algorithms have been proposed for the above problem: the Markov
incremental subgradient algorithm [6, 10] and the distributed subgradient algorithm
studied in [4] (and its later version [7]). The key difference between these two algo-
rithms is in the mechanism that is used to distribute the computations. In the Markov
incremental algorithm, the agents sequentially update a single iterate sequence by
passing the iterate to each other. When an agent receives the iterate, it updates the
iterate using its own objective function and then passes the iterate to a randomly cho-
sen neighbor. Thus, the order in which the agents update the iterate follows a Markov
chain (time inhomogeneous due to network topology changes) making the algorithm
stochastic by design. In addition, a single iterate sequence is generated. In contrast,
the distributed subgradient algorithm is deterministic by design and generates mul-
tiple iterate sequences (one sequence per agent). In the distributed subgradient al-
gorithms of [4, 7], each agent maintains an iterate sequence and communicates the
iterates to its neighbors. Then, each agent averages the received iterates with its own
iterate (similar to a consensus step), and updates the average using its own function.

In this paper, we study the effect of stochastic errors on the distributed subgradient
algorithm, where the errors are due to the agents computing the noisy subgradients of
their respective objective functions.! We first consider general stochastic errors and
stepsizes, and obtain error bounds on the limiting performance of the algorithm. We
then consider errors whose mean and stepsize diminish sufficiently fast, and prove
consensus and convergence of the iterates to an optimal solution both with probabil-
ity 1 and in mean square. The extension of the analysis for the distributed subgradi-
ent from the deterministic case in [7] to the case with stochastic subgradient errors is
non-trivial. This is primarily because the stochastic subgradient errors made by each
agent propagate through the network to every other agent and also across time, mak-
ing the iterates statistically dependent across time and agents. Further, the constraint
introduces a non-linearity to the problem.

There are significant differences in the behavior of the algorithm of this paper and
the algorithm of [6], where the effect of stochastic errors on the Markov incremental
algorithm is studied. In the distributed algorithm, each agent maintains and updates
a different iterate sequence. This gives rise to a deterministic consensus error (dis-
agreement between agents) that interacts with the stochastic subgradient errors. In

I This is motivated by many applications including distributed learning and recursive regression over net-
works.
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the Markov incremental algorithm the random nature of the algorithm (each agent
passes the iterate to a random neighbor) results in a stochastic process that interacts
with the stochastic subgradient errors. The difference in the nature of the interacting
errors produces different convergence behavior of these algorithms. Inherently, their
analysis is also significantly different which is reflected in the scope of the results
obtained. We summarize the main results obtained in this paper and compare it with
the corresponding results in [6] for the Markov incremental algorithm.

e Theorem 5.3 obtains bounds on the performance of the distributed subgradient
algorithm after a finite number of iterations for diminishing and non-diminishing
stepsizes and general stochastic errors. No such results are available for the Markov
incremental algorithm in [6].

e Theorem 6.2 obtains sufficient conditions on the stepsizes and the stochastic er-
rors for the iterates converge to an optimal point with probability 1 and in mean
square. Theorem 4.3 of [6] obtains only mean square convergence of the Markov
incremental algorithm for a smaller class of stepsizes and only for the case when
the constraint set is bounded.

e Theorem 5.2 obtain bounds on the liminf of the expected function value at the
iterates generated by the distributed subgradient algorithm for diminishing and
non-diminishing stepsizes and general stochastic errors. This bound is of the order
of m?, where m is the total number of agents in the network. The corresponding
bound for the Markov incremental algorithm in Theorem 4.4 of [6] is of the order
of m.

e Theorem 5.3 establishes the lim sup bound for the expected function value along
the time-averaged sequence of the distributed algorithm with diminishing and non-
diminishing stepsizes, and general stochastic errors. No such bound is available for
the Markov incremental algorithm in [6].

We next discuss related literature. The distributed subgradient algorithm was stud-
ied with constant stepsizes for the unconstrained and error free case in [4]. As men-
tioned the paper that is most related is [7]. In this a general algorithm is proposed
for the case when even the constraint set is not common across the agents and each
agent has a unique different set. While the problem and the proposed algorithm are
general, the analysis is performed only for two special cases (a) when the network
is completely connected, i.e., each agent shares its iterate with every other agent in
each iteration, and (b) when that constraint set at all the agents are the same (the case
studied in this paper). However, the paper considers only diminishing stepsize and
there are no stochastic errors in the subgradient terms.

Distributed incremental algorithms have been studied in [1, 2, 6, 9, 10, 14]. The
effects of stochastic errors on these algorithms have been investigated in [6, 14—19].
As mentioned, in the incremental algorithms all the agents update a single iterate
sequence and are hence fundamentally different from the distributed subgradient al-
gorithm in which each agent updates a different iterate sequence. Also related are the
optimization algorithms in [20-22]. However, these algorithms are not local as the
complete objective function information is available to each and every agent, with the
aim of distributing the processing. The work in this paper is also related at a much
broader level to the distributed consensus algorithms [7, 20-29]. In these algorithms,
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each agent starts with a different value and through local information exchange, the
agents eventually agree on a common value. The effect of random errors on con-
sensus algorithms have been investigated in [25-27, 30]. In addition, since we are
interested in the effect of stochastic errors, our paper is also related to the literature
on stochastic gradient methods [31-33].

The rest of the paper is organized as follows. In Sect. 2, we formulate the prob-
lem, describe the algorithm and state our basic assumptions. In Sect. 3 we state some
results from literature that we use in the analysis, while in Sect. 4, we derive two
important lemmas that form the backbone of the analysis. In Sect. 5, we study the
convergence properties of the method in mean, and in Sect. 6 we focus on the con-
vergence properties with probability 1 and in mean square. Finally, we provide some
concluding remarks in Sect. 7.

2 Problem, Algorithm and Assumptions

In this section, we formulate the problem of interest and describe the algorithm that
we propose. We also state and discuss our assumptions on the agent connectivity and
information exchange.

2.1 Problem
We consider a network of m agents that are indexed by 1, ..., m. Often, when conve-
nient, we index the agents by using set V = {1, ..., m}. The network objective is to

solve the following constrained optimization problem:

minimize Z fi(x)
i=1
(H

subjectto x € X,

where X C " is a constraint set and f; : X — N for all i. Related to the problem,
we use the following notation

FO =) fi),  ff=minf(),  X'={reX:f()=f")

i=1
We are interested in the case when the problem in (2) is convex. Specifically, we
assume that the following assumption holds.
Assumption 2.1 The functions f; and the set X are such that

(a) The set X is closed and convex.
(b) The functions f;, i € V are defined and convex over an open set that contains
the set X.
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The function f; is known only partially to agent i in the sense that the agent
can only obtain a noisy estimate of the function subgradient. The goal is to solve
problem (2) using an algorithm that is distributed and local.”

We make no assumption on the differentiability of the functions f;. At points
where the gradient does not exist, we use the notion of subgradients. A vector V f; is
a subgradient of f; at a point x € dom f if the following relation holds

Vf,-(x)T(y —x) < fi(y) — fi(x) forall yedom f. 2)

Since the set X is contained in an open set over which the functions are defined and
convex, a subgradient of f; exists at any point of the set X (see [35] or [36]).

2.2 Algorithm

To solve the problem in (2) with its inherent decentralized information access, we
consider an iterative subgradient method. The iterations are distributed accordingly
among the agents, whereby each agent i/ is minimizing its convex objective f; over
the set X and locally exchanging the iterates with its neighbors.

Let w; x be the iterate with agent i at the end of iteration k. At the beginning of
iteration k + 1, agent i receives the current iterate of a subset of the agents. Then,
agent i computes a weighted average of these iterates and adjusts this average along
the negative subgradient direction of f;, which is computed with stochastic errors.
The adjusted iterate is then projected onto the constraint set X. Formally, each agent
i generates its iterate sequence {w; } according to the following relation:

Wi k1= Px[vik — o1 (V fi(uik) + € kv )], 3)

starting with some initial iterate w; o € X. Here, V f; (v; ) denotes the subgradient of
fi at v; x and €; x4 is the stochastic error in the subgradient evaluation. The scalar
ok+1 > 01is the stepsize and Py denotes the Euclidean projection onto the set X. The
vector v; k is the weighted average computed by agent i and is given by

vik= i jk+Dwjy. “)
JEN; (k+1)

where N;(k 4+ 1) denotes the set of agents whose current iterates are available to
agent i in the (k + 1)-st iteration. We assume that i € N;(k + 1) for all agents and at
all times k. The scalars a; j (k + 1) are the non-negative weights that agent i assigns to
agent j’s iterate. We will find it convenient to define a; j(k+1) as O for j ¢ N;(k+1)
and rewrite (4) as

m
Vi k :Zai,j(k+ Dw; k. 5)

Jj=1
This is a “consensus”-based step ensuring that, in a long run, the information of each
fi reaches every agent with the same frequency, directly or through a sequence of

2See [6, 34] for wireless network applications that can be cast in this framework.
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local communications. Due to this, the iterates w; ; become eventually “the same”
for all j and for large enough k. The update step in (3) is just a subgradient iteration
for minimizing f; over X taken after the “consensus”-based step.

2.3 Additional Assumptions

In addition to Assumption 2.1, we make some assumptions on the inter-agent ex-
change model and the weights. The first assumption requires the agents to commu-
nicate sufficiently often so that all the component functions, directly or indirectly,
influence the iterate sequence of any agent. Recall that we defined N;(k + 1) as the
set of agents that agent i communicates with in iteration k + 1. Define (V, Ej41) to
be the graph with edges

Err1={(j,i):jeNi(k+1),ieV}

Assumption 2.2 There exists a scalar Q such that the graph (V,|J;_,
strongly connected for all k.

0 Epy1) is

.....

It is also important that the influence of the functions f; is “equal” in a long run
so that the sum of the component functions is minimized rather than a weighted
sum of them. The influence of a component f; on the iterates of agent i depends
on the weights that agent i uses. To ensure equal influence, we make the following
assumption on the weights.

Assumption 2.3 Fori € V and all k,

(@) a; j(k+1)>0,and a; j(k+1) =0 when j ¢ N;(k+1),

(b) Z;’Ll aijk+1)=1,

(¢c) There exists a scalar n € (0, 1) such that a; j(k + 1) > n when j € N;(k + 1),
(d) Z;-n=] a,',j(k +1=1.

Assumptions 2.3a and 2.3b state that each agent calculates a weighted average of
all the iterates it has access to. Assumption 2.3c ensures that each agent gives a suf-
ficient weight to its current iterate and all the iterates it receives.> Assumption 2.3d,
together with Assumption 2.2, as we will see later, ensures that all the agents are
equally influential in the long run. In other words, Assumption 2.3d is crucial to en-
sure that )/ | f; is minimized as opposed to a weighted sum of the functions f; with
non-equal weights. To satisfy Assumption 2.3d, the agents need to coordinate their
weights. Some coordination schemes are discussed in [4, 6].

3The agents need not be aware of the common bound 7.
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3 Preliminaries

In this section, we state some results for future reference.

Euclidean norm inequalities. For any vectors vy, ..., vy € R, we have
M | M 2 M
> vi—MZvj <> lvi—x|* forany x € %" (6)
i=1 j=1 i=1

The preceding relation states that the average of a finite set of vectors minimizes the
sum of distances between each vector and any vector in i", which can be verified
using the first-order optimality conditions.

Both the Euclidean norm and its square are convex functions, i.e., for any vectors
V1, ..., Uy € RN and nonnegative scalars By, ..., By such that Zﬁ] Bi =1, we have

M M
> il <> Billvill. (7
i=1 i=1
M 2 M
> B = Billvill ®)
i=1 i=1

The following inequality is the well-known* non-expansive property of the Euclidean

projection onto a nonempty, closed and convex set X,
| Px[x]— Px[yll <llx —yl forall x,yeR". )
Scalar sequences. We make use of the following result. Its proof is in Appendix.

Lemma 3.1 Let {yx} be a scalar sequence.
@) Iflimg_ oo vk =y and 0 < B < 1, then limy_ oo Zlgzo Bty = ﬁ

(b) If yx =0 forallk,) ), vk <ooand0 < B <1, then Z/fio(zlgzo Bty < o0.
(¢) Iflimsup,_, o, v = y and {¢k} is a positive scalar sequence with Yy | & = 00,
Z}f:o Vi Sk

then limsupg_, o SE ot

< y. In addition, if liminfy_,ooyx = y, then

Z/f:o Vi Sk

lim = y.
K=o Sk o 4

Matrix convergence. Let A(k) be the matrix with (i, j)-th entry equal to a; (k).
As a consequence of Assumptions 2.3a, 2.3b and 2.3d, the matrix A(k) is doubly
stochastic.” Define

Dk,s)=Ak)Ak—1)---A(s+1) forallk,s withk >s>0. (10)

4See for example [35], Proposition 2.2.1.

5The sum of its entries in every row and in every column is equal to 1.
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We next state a result from [29] (Corollary 1) on the convergence properties of the
matrix ®(k,s). Let [®(k, s)]; j denote the (i, j)-th entry of the matrix ®(k, s), and
let e € W™ be the column vector with all entries equal to 1.

Lemma 3.2 Let Assumptions 2.2 and 2.3 hold. Then

(@) limg_ oo @k, s) = %eeTfor all s > 0.
(b) [®(k,5))i,; — 2| <OB* forall k > s >0, where 6 = (1 — #)—2 and B =

1
(-t
Stochastic convergence. The following result is due to Robbins and Siegmund

(Lemma 11, Chap. 2.2, [37]).

Theorem 3.1 Let {By}, {Dx}, and {Hy} be non-negative random sequences and let
{¢k} De a deterministic nonnegative scalar sequence. Let G be the o -algebra gener-
ated by By, ..., By, D1, ..., Dx, Hy, ..., Hy. Suppose that y_; {i < 00,

E[Bi+1 1G]l = (A + &) By — Dy + Hy  forall k,

and ), Hy < oo with probability 1. Then, the sequence {By} converges to a non-
negative random variable and )", Dy < 0o with probability 1, and in mean.

We also use the well known Fatou’s lemma [38], stating that for a sequence of
non-negative random variables { Xy}, we have

E [limiank] <1liminfE[X;].
k—o00

k— 00

4 Basic Relations

In this section, we derive two basic relations that form the basis for the analysis in
this paper. The first of them deals with the disagreements among the agents, and the
second deals with the agent iterate sequences.

4.1 Disagreement Estimate

The agent disagreements are typically thought of as the norms ||w; x — w; k|| of the
differences between the iterates w; x and w; x generated by different agents according
to (3)—(4). Alternatively, the agent disagreements can be measured with respect to a
reference sequence, which we adopt here. In particular, we study the behavior of
vk — wi k||, where yj is the vector defined by

1 m
ykzzi;w,-,k for all k. (11
1=

In the next lemma, we provide a basic estimate for ||yx — w; «||. The rate of conver-
gence result from Lemma 3.2 plays a crucial role in obtaining this estimate.
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Lemma 4.1 Let Assumptions 2.1a, 2.2, and 2.3 hold. Assume that the subgradients
of fi are uniformly bounded over the set X, i.e., there are scalars C; such that

Vi) <C; forallxe X andallieV.

Then, forall j € V and k > 0,
k

m
k+1 k+1—¢
k1 = wjgsrll < mOBH max|fwioll +6 ) oD (Ci+ el
v =1 i=1

Q41
= Z(c, +lleiktl) + i1 (C + llejapll)-
i=1

Proof Define for alli € V and all &,
i1 = Wikt — 21y aij(k + Dwjk. (12)

Using the matrices ® (k, s) defined in (10) we can write

k m
Wkl = Z[d><k+1 O)J,Zw,o+p,k+1+z<2[d><k+1 01} pi. ) (13)

i=1 (=1 \i=1

Using (12), we can also rewrite yg, defined in (11), as follows

Yi+1

1 m m m
- (Z > ai e+ Dwj i+ ZPi,k—H)

i=1 j=I i=l

%(Z (Zai,j(k + 1)) wjk+ Zpi,k-i-l)-
=1

i=1 i=1

In the view of the doubly stochasticity of the weights, we have > /" a; j(k+1) =1,
implying that

1 m m 1 m
Vk+1 = P (2} Wk + Z;Pi,kJrl) =Yk + . X;Pi,kJrl-
J= 1= 1=

Therefore

k+1 m k+1 m

Ye+1 = Yo + — ZZP:@— Zw,oJr ZZP;@- (14)

lel lel
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Substituting for yi41 from (14) and for w; x4 from (13), we obtain

k—H m

m
Vi1 — wjgs1ll = Hnll Zwl(rl- ZZ[M

lel

Ms

( [k +1, 0)]]zsz+P1k+1
=1

1

4
m
i=

(i @k +1, 0)],,;,~>wi,o
m

+

Ms

2

( 1
+ —
m

l

Therefore, for all j € V and all &,

<_ - [Cb(k—i— 1, K)]j z)pt 14

k m
+ Z Z[CD(k +1, E)]j,il’i,@)
=1i=1
1
k
=1

I
-

i

NgE

Pik+1 — Pj,k+1> H
1

m

et = wjksll <D
i=1

1
— — [Pk + 1,001, |llwioll
m

k m

2.0

=1i=1

1
— —[®k+1,01),
m

I piell

1 m
+— > Upiketl + sl
i=1

We can bound ||w; o|| < max;cv ||w; oll. Further, we can use the rate of conver-
gence result from Lemma 3.2 to bound |% — [®(k, £)];,i]. We obtain

k m
) k+1 : k+1—¢ )
11 = wj kst < mOBH max o] +0;/3 ; I piell
1 <& B -
+— ) Ipikstl + 1pjasll (15)

We next estimate the norms of the vectors || p; ¢|| for any k. From the definition of
Dik+1 in (12) and the definition of the vector v; x in (4), we have p; x+1 = Wi k41 —
v; k- Note that, being a convex combination of vectors w; x in the convex set X, the
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vector v; x is in the set X. By the definition of the iterate w; x4 in (3) and the non-
expansive property of the Euclidean projection in (9), we have

| pigerill = I Px[vik — arr1(V fi (Vi) + € k1] — vikll
S ot IV fi(ik) + €kl

< o1 (Ci + l€i k11D

In the last step we have used the subgradient boundedness. By substituting the pre-
ceding relation in (15), we obtain the desired relation. O

4.2 Tterate Relation

Here, we derive a relation for the distances ||v; x+1 — z| and the function value dif-
ferences f(yx) — f(z) for an arbitrary z € X. This relation together with Lemma 4.1
provides the basis for our subsequent convergence analysis. In what follows, recall

that f = Y7, fi.

Lemma 4.2 Let Assumptions 2.1, 2.2, and 2.3 hold. Assume that the subgradients of
fi are uniformly bounded over the set X, i.e., there are scalars C; such that

IVAON<C; forallxe X andallieV.
Then, for any z € X and all k,

D ikt —zl? =D lvik — 2l = 20041 (F 1) — £(2)

i=1 i=1

m
20 (rlrggc Ci) 2} llyk — wjill
=

m m

T 2 2

a1 Y€l Wik —2) gy Y (Ci+ et D’
i=1 i=1

Proof Using the Euclidean projection property in (9), from the definition of the iter-
ate w; k41 in (3), we have for any z € X and all &,

2 2
lwi k1 —zll” = 1 Px[vix — axr1(V fi(uik) +€igr1)] — 2l
2 T T
< llvik —zl” = 20k+1V fi (i k)" Wik —2) — 20k+1€; 51 (Vik — 2)
2 2
+ o g IV fi(vik) + €kl

By using the subgradient inequality in (2) to bound the second term, we obtain

lwi k1 — 21 < Nvik — zlI* = 20001 (fi Wi g) — f:(2))

— 20k 11€6] 1y Wik — ) F f IV i) + €iert 2. (16)
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Note that by the convexity of the squared norm [cf. (8)], we have

Z||v,k+1—z|| Z

i=1

m 2

Za,',j(k-FZ)U)j,k.;_l -z
j=1

m

m
< ZZa,,UcH)nwj k1 — 2l

In view of Assumption 2.3, we have Y 7", a; j(k +2) = 1 for all j and k, implying
that

m m

2 2
E lvigs1 —zl” < E lw;j g1 — 2zl
i=1 =1

By summing the relations in (16) over all i € V and by using the preceding rela-
tion, we obtain

m
Z v k1 — zII
i=1
m m
<Y ik — 2l = 20001 Y (fiig) — £i(2)
i=1 i=1

m m
=201 Y€ ik — D)+ aiy D IVA@i) +ernl®. (A7)
i=1 i=1

From (2) we have
fiti) — fi(2) = (fiigk) — fi) + (fi ) — fi(2)
> —IV fii ) Nlyx — vikll + (fi Gr) = fi(2)). (18)

Recall that v; ; = Zm aj j(k + Dwj [cf. (5)]. Substituting for v; x and using the
convexity of the norm [cf. (7)] and f + Y _i", fi, from (18) we obtain

m
—Zai,j(k-i-l)wj,k

j=l1

Y fiwi) = fi@ = = Y IV fiial | v

i=1 i=1

+(fx) — f2)

A%

=Y IVA@OND ai jk+ Dy —wikl

i=1 j=1

+(fx) — f2)

_(13133( IIVfi(vi,k)Il) Z(Zai,j(k + 1)) lyx — w;xll

j=1\i=1

v

@ Springer



528 J Optim Theory Appl (2010) 147: 516-545

+ (f ) — f()

= —(max 1V £iwr01) D e = wjell + (£ ) = F Q.

j=1

By using the preceding estimate in relation (17), we have

D ik =27 <D ik — 2l = 20040 (F (x) — f(2))

i=1 i=1

m
+ 201 (max |V £ (o)1 =il
J=

m m

T 2 2

a1 Y€l ik —2) +apy DIV i) + el
i=1 i=1

The result follows by using the subgradient norm boundedness, ||V f; (v; k) || < C; for
all k and i. Il

5 Convergence in Mean

Here, we study the behavior of the iterates generated by the algorithm, under the
assumption that the errors have bounded norms in mean square. In particular, we
assume the following.

Assumption 5.1 The subgradient errors are uniformly bounded in mean square, i.e.,
there are scalars v; such that

E[lleix+111’] <02 foralli € V and all k.

i

Using this assumption, we provide a bound on the expected disagreement E [||w; x —
vk |l] for nondiminishing stepsize. We later use this bound to provide an estimate
for the algorithm’s performance in mean. The bound is provided in the following
theorem.

Theorem 5.1 Let Assumptions 2.1a,2.2,2.3 and 5.1 hold. Also, let the subgradients
of each f; be uniformly bounded over X, i.e., for eachi € V there is C; such that

VAN <C; forallx e X.

If the stepsize {ay} is such that limg_, 5 ax = o for some a > 0, then forall j €V,

. _ mop
lmsup E[|lyi+1 — wj i1l <emax{C; + v;}| 2+ — ).
k—o00 ieV 1-8
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Proof The conditions of Lemma 4.1 are satisfied. Taking the expectation in the rela-
tion of Lemma 4.1 and using the inequality E[||€; «[|] < +/E [||e,-,k||2] = p;, we obtain
forall j € V and all ,

k
Ellyks1 — wjksi ] < mOBH max [lwioll +mOB max{Ci + 0} Y p* ‘e
ieV ieV —1

+ 20+ max{C; + v;}.
ieV

Since limg_, oo @x = ¢, by Lemma 3.1(a) we have limy_, oo Z'gzl BrEtay = ﬁ Us-
ing this equality and limj_, » oy = &, we obtain the result by letting k — oo in the
preceding relation. O

When the stepsize is diminishing (i.e., & = 0), the result of Theorem 5.1 implies
that the expected disagreements E[||yx+1 — w; x+1l|] converge to O for all j. Thus,
there is an asymptotic consensus in mean. We formally state this as a corollary.

Corollary 5.1 Let the conditions of Theorem 5.1 hold with o = 0. Then
limy o0 E[l[wj 4 — yill1 =0 forall j € V.

We next obtain bounds on the performance of the algorithm. We make the addi-
tional assumption that the set X is bounded. Thus, the subgradients of each f; are
also bounded (see [35], Proposition 4.2.3).

Note that, under Assumption 5.1, by Jensen’s inequality we have ||E [€; x+1]]| < v;.
Therefore, under Assumption 5.1,

limsup |[E[€; k+1]l| <v; forallieV. (19)

k— 00

We have used this relation in our analysis of the agent disagreements in Theorem 5.1.
Using this relation, we obtain special results for the cases when the errors are zero
mean or when their mean is diminishing, i.e., the cases E [¢; x+1] = 0 for all i, k, or
lim sup_, oo IE[€; 4411l = O for all i.

Theorem 5.2 Let Assumptions 2.1, 2.2, 2.3 and 5.1 hold. Assume that the set X is
bounded. Let limy_ oty = ¢ with « > 0. If « = 0, also assume that Zk o = 00.
Then, forall j €V,

m
2
LiminfE [f(w; 0] < f* - L ( C; )
minfE[f (w0l < £+ max x ¥l Y i+ mor(max(Ci + )

i=1
9 2mb
X — + m—ﬁ s
2 1-8
where [i; = limsupy_, o, |E[€; k+1]|l and C; is an upper-bound on the subgradient
norms of f; over the set X.
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Proof Under Assumption 5.1, the limit superiors fi; = limsup,_, o, ||E [€; k+1]|| are
finite [cf. (19)]. Since the set X is bounded the subgradients of f; over the set X
are also bounded for each i € V; hence, the bounds C;, i € V on subgradient norms
exist. Thus, the conditions of Lemma 4.2 are satisfied. Further, by Assumption 2.1,
the set X is contained in the interior of the domain of f, over which the function is
continuous (by convexity; see [36]). Thus, the set X is compact and f is continuous
over X, implying that the optimal set X* is nonempty. Let x* € X*, and let y = x™* in
Lemma 4.2. We have, for all %,

m m
D Mvikr =12 <D ik = 217 = 20001 (£ ) — )
i=1 i=1

m
+ 2041 (Ilneﬁgi Ci) X; lye = wjkll
]:

m m
T 2 2
—2ak41 Y €l Wik =X +apyy Y (Ci+ lleinrlD’.

i=1 i=1

Since X is bounded, by using ||v; x —x*|| < max, yex ||x — y||, taking the expectation
and using the error bounds E [||€; x+1 %] < Diz we obtain
m m

D E[lvikrr —x*1P] < Y Efllvig — x*17] = 2041 ELf )] = %)

i=1 i=1

m
n zakﬂ(rlneavx c,-) ZI Ellyk — wjll]
/:

m
+ 2« max ||[x — E [€;
et max | YD IE L€ kil

i=1
m
o ) (Cit ) (20)
i=1

By rearranging the terms and summing over k = 1, ..., K, for an arbitrary K, we
obtain

K m
2 e ((E L G0) = £%) = (max i) 3 Elly = wyal]

k=1 j=1

m
mak+1( _ )2
— — Ele; _ C: .
;ggllx vl 52—1 IE [€; k411l > rl_réavx{ i + i}

m

m
2 2 2
<> Ellvia = x*IP] = D E[llvig+1 = x*I1P] <m max flx — y]I*.
i=1 i=1 *.yeX
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Note that when ax+1 — o and o > 0, we have ), ax = 0o. When o = 0, we have
assumed that ) ", ax = 0o. Therefore, by letting K — oo, we have

hmmf(E LGl = (max ) S Elly— wyl

]—

2
— may x| 5 IE sl - T (max(c + 1)) ) <"

i=1

Using limsup;_, o, |E[€;.x+1]ll = ft; [see (19)] and limy_, oo ok = &, we obtain
L. . mo _\2
liminfE [ (0] < f* + - (max(C; + 7}
k—o00 2 \iev

+ (maxC,-) thsupE[llyk —wjll]

ieV —1 k—o0

+ max ||x—y||Zu,
i=1

Next from the convexity inequality in (2) and the boundedness of the subgradients it
follows that for all k and j € V,

ELf(wj0) — f(0)] < (Z ci>E[||yk —wjll,

i=1

implying

EminfE[ f(w; )] < f* 4+ =& (max{c,- + ai})z
k—00 RIS = 2 \iev

+ (maxC)thsupE[llyk —wjll

=1 k—o0
m
- <Z ci) lim supE (1% = .l + max |15 =yl Zu,
i=1 - i=1

By Theorem 5.1, we have forall j € V,

mo
limsup E ||y — wj.c] < o max(C; + v,}<2+ —ﬂ>
k— 00 1_/3

By using the preceding relation, we see that

.. mao _
liminfELf w01 = £+ "o (max(C + 1))+ max v =yl Zlu
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_ mop
+ ma(maxCl) max{C; +vi}{ 2+ ——
ieV ieV 1-8

m ) 9,3
+a(ZCi> rjnea&({Cj+vj}<2+lm_—ﬂ>

i=1

m
2
< f*+ max ||x — _-+ma(maxC-+f)->
< f"+ max | yn;m max(Ci + 7}
1=

9 2mbp

The network topology influences the error only through the term % and can
hence be used as a figure of merit for comparing different topologies. For a network
that is strongly connected at every time, [i.e., Q = 1 in Assumption 2.2] and when 7
in Assumption 2.3 does not depend on the number m of agents, the term % is of
the order m? and the error bound scales as m*.

We next show that stronger bounds can be obtained for a specific weighted time

averages of the iterates w; ;. In particular, we investigate the limiting behavior of

1 .

{f(zis)}, where z;; :W Note that agent i can locally and recursively
k=1 %k+1

evaluate z; ;11 from z; ; and w; ;1.

Theorem 5.3 Consider the weighted time averages z; ; =W for jeVv
k=1 Yk+1
and t > 1. Let the conditions of Theorem 5.2 hold. Then, we have for all j €V,

“ 2/9 2mOp
. ) * _ . . 5. - -
llgil;pE[f(Zj,t)] <f +Xrgi)§ lx =yl E u,+ma<1}1€Eg<{C,+v,}> <2+ | —,3>'

i=1

Proof The relation in (20) of Theorem 5.2 is valid, and we have for any x* € X*,
m m
D Ellvigsr —x*171 < Y Elllvik — 1171 = 20641 (ELf ()] = %)
i=1 i=1

m
+ 2ak+1(rin€avx Ci) ; Elllyx — well]

m

+ 2« max ||x — E [€;
et max | YD IE L€ kil

i=1

m
+agy > (Ci+ i)

i=1
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From the subgradient boundedness and the subgradient inequality in (2) we have for

any j,

ELfO]—ELf(w;)] > —(Z Ci>E[||Yk —wjkll]

i=1

= —m(max C: )E Ly — wjl.
eV

Therefore, we obtain

m

> Ellvisgr —x**]

i=1

<> Elllvik = x*I171 = 241 (ELf (wj )] = f)
i=1

m
+ 20141 (max C; ) (mE[uyk —wjkll+ Y Elly — wik ||])

i=1

m m
2 =3\2
+ 2o max [lx = | D NELeiarill +aiyy D (Ci+ )7,

i=1 i=1

By re-arranging these terms, summing over k = 1,...,¢ and dividing with
23— @1, we further obtain

t

Z ap+1E[f(w; )]
= Yo et

m

1
<Pt =) E[llvi1 —x*|?
222:1“/&1; [ l ]
"\ a1 (maxiey CME [|lyk — w4+ X0 Elllve — wikllD)

Z ZL:] Qf+1

k=1

m t t 2 m
Yit st IE L€kl | 2 k=1 %py _
+ max |x —yl| Y == + LY G+
x,yeX P k=1%k-+1 2 m1 1 i
Next by the convexity of f note that

t t
Z Qp4+1W; k >< ap+1f(w; k)

t t :
i1 k=1 %kt 0 k=l Ykl

f(Zj,t)=f<
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From the preceding two relations we obtain

ELf(z)0]

=f1+ E[llvia —x7|
2% - 10‘k+lz ) ]

"\ g1 (maxiey C;)(mE [||yx — wiill+ 3 Elllye — wikll])
+ ,
k=1 Zk:l Ok+1

ok+1lIE[€i k1] o1 %
n may ”x_y”ZZk 1kt IE[€ik+1]ll 4 k=1 %t (C 402,
i—1 D k=1 Akt 2% 19%+1 5

21

First note that in the limit as + — oo, the second term in (21) converges to O since
ZZ:] 41 = 00. By using the results of Lemma 3.1c, for the remaining terms, we
obtain

limsupE [ f(z;,0)]
11— 00

< f*+ (maxC ) hmsup<mE[||yk —wjklll+ ZE[HYk —wj k||]>

k— 00 i=1

+ max ||x—y||2hmsup||E[e, el + = Z(C + ).

llk—>oo ll

By Theorem 5.1, we have forall j € V,

mop
limsup E[|lyx — w;«ll] <amax{C, +ol24+ ——
k— 00 1_:3

which when substituted in the preceding relation, yields

0
limsupE [ (2,01 < /* +2ma(rpavxc)fgavx{ci+"’f}<2+ = /fs)

+ max ||x—y||thsup||E el + 5 Z(c + 1)

llk_)OO ll

< f*+ max [lx -yl thsupuE[e, k1]l

i=1 k— 00
_\2(9 2m6p
+ma(1}éa‘;({C,’ + vi}) (5 + m) .

@ Springer



J Optim Theory Appl (2010) 147: 516-545 535

The error bounds in Theorems 5.2 and 5.3 have the same form, but they apply to
different sequences of function evaluations. Furthermore, in Theorem 5.3, the bound
is for all subsequences of E [ f (z; x)] for each agent i. In contrast, in Theorem 5.2, the
bound is only for a subsequence of E[ f (z; x)] for each agent i. Theorem 5.3 demon-
strates that, due to the convexity of the objective function f, there is an advantage
when agents are using the running averages of their iterates.

When the error® moments ||E [€i k+1]]| converge to zero as k — oo, and the step-
size converges to zero [« = 0], Theorems 5.2 and 5.3 yield respectively

liminfE[/(w;,0] = /* and  lim E[f(zj0]= /"

When a constant stepsize « is used, the vector z;, is simply the running average
of all the iterates of agent j until time 7, i.e., 2, = % S w; «. For this case, with
zero mean errors, the relation in (21) reduces to

ELf(zj.)] < f* +—ZE[||v, 1= x|

t m
(ngCJ% Z(mE[”yk —wll+ ZE[”yk - wi,k”])

‘e k=1 i=1

o " _
+ 52 (Ci+ i) (22)

i=1

This can be used to derive an estimate per iteration, as seen in the following.

Corollary 5.2 Under the conditions of Theorem 5.2 with ||[E[€; k+1]|| =0and ax =0
foralli and k, for the average sequences {z 1} we have for all t and j,

1 m 29 2
EL G0 = 174 5 D E I = IF] + 2007 (max ;) (max o)

t(l—ﬂ)
_\2(9  2mbB
+ma<rirgg<{ci~l—vi}) (i—i-m)

Proof Taking the expectation in the relation of Lemma 4.1, we obtain
k
E kst = w1 1] = OB max w; ol + madp (max(C; +75}) Y B~
=1
+ 2o max{C; + v;}
ieV

0
< mOB ! max ||w; o] —l—a(max{Ci + 17,-}> 2+ m_ﬂ
iev ' ieV 1—-8

SWhen the moments IIE[€; k411l are zero, it can be seen that the results of Theorems 5.2 and 5.3 hold
when the boundedness of X is replaced by the weaker assumption that the subgradients of each f; are
bounded over X.
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Combining the preceding relation with the inequality in (22), and using 22:1 prtl <

Jia :
1= We obtain

1 2m*6p?
ELF @) = f*+ 3= Y E[lua —x"I7]+ %(magw)(mavx lwiol
i=1
2
+ma(r;éav><{ci+ai}) (g+%>. .

The preceding equation provides a bound on the algorithm’s performance at each
iteration. The bound can be used in obtaining stopping rules for the algorithm. For
example, consider the error free case (v; = 0) and suppose that the goal is to deter-
mine the number of iterations required for agents to find a point in the e-optimal set,
i.e.,inthe set Xe ={x € X : f(x) < f* 4 €}. Minimizing the bound in Corollary 5.2
over different stepsize values o, we can show that e-optimality can be achieved in

Ne = fiﬂ iterations with a stepsize o = ‘/3%1" , where v is the positive root of the
€

quadratic equation
Bx?+2VACx — ¢ =0,
and A, B and C are

1 & 2m2082%
A=§;nvi,1—x*n2, B= 1_§ (max ;) (max fwiol ).
C (ma {Ci+v })2 2 + 2m6p

=m X i V; — — .
iev: ! 2 1-8

Since ¥, scales as /€, we can conclude that N, scales as 6]—2 Equivalently, we can
say that the level € of sub-optimality diminishes inversely with the square root of the
number of iterations.

6 Almost Sure and Mean Square Convergence

In this section, we impose some additional assumptions on the subgradient errors to
obtain almost sure consensus among the agents and almost sure convergence of the
iterates to an optimal solution of (2). Towards this, define Fy to be the o-algebra
o(€i¢; i € V,0 <€ <k) generated by the errors in the agent system up to time k. In
other words, Fj captures the history of the errors until the end of time k. We use the
following assumption on the subgradient errors €; k.

Assumption 6.1 There are scalars v; such that E[|€; k41 ||2 | Fi] < vi2 for all k with
probability 1.

Note that Assumption 6.1 is stronger than Assumption 5.1. Furthermore, when the

errors are independent across iterations and across agents, Assumption 6.1 reduces to
Assumption 5.1.
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We start by analyzing the agents’ disagreements measured in terms of distances
lyk — wj xll. We have the following result.

Theorem 6.1 Let Assumptions 2.1a, 2.2, 2.3 and 6.1 hold. Suppose that the subgra-
dients of each f; are uniformly bounded over X, i.e., for each i € V there is C; such
that

IV <C; forallxeX.
I35 ot,%+1 < 00, then with probability 1,
oo
3 w2l — wjasill <o forall j€ V.

k=1

Furthermore, for all j € V, we have limg_, o [|[yk+1 — w; k411l = 0 with probability 1
and in mean square.

Proof By Lemma 4.1 and the subgradient boundedness, we have for all j € V,
k

m
k41 k+1—¢
Vi1 — wj k1| <mOB*T max lwioll + 6 E gt E ag(Ci + lleiel)
l
=1 i=1

1 m
+ — Y enst (Ci+ ikt + i1 (Cj + llej e ID.
i=1

Using the inequalities
1
2 2 2
ap+200(Ci + l€i ¢l) < E(ak+2 +aj (Ci + lleielD)”)
and (C; + [l€;.¢])? < 2C? + 2]l ¢ 1%, we obtain
_ . < 2] k+1 .
k42l yk+1 — wj k11l < k2m6B max lwi oll
1

+925k+1 fz( o+ (CF+ lleiell? ))

m

1 1
T Z(E“laz + g1 (CF + e ||2)>

i=1

1
+ 50‘1%+2 + o1 (CF+ e ).
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By using the inequalities 3"5_, gF1-¢ < ’3 forallk>1 and 5+ 1 <1,and by
grouping the terms accordingly, from the precedlng relation we have

. < ] k+1 . 1 9/3 2
W2l Ve+1 — wj k11l < apom0p max lwiol + 1+ 05— |92
1

20-p)

k m
+0) afBHEY(C + Neell?)
=1

1 m
+ —aiyr ) (CF + ek I?) + iy (CF + g I?).
i=1

Taking the conditional expectation and using E [||¢; ¢ ||2 | Fe—1] < viz, and then taking
the expectation again, we obtain

mog
Elokall st — w1 1] < enyomO* ! max ol + (1 + —)aiﬂ
1

20-p)

+9<i (C?+17) )Za prti-t

i=1

1 m
+ E“/%H Z(sz +v7) + 0‘1%+1(C/2' + ";2)
i=1

Since ), a,% < o0 (and hence {oy} bounded), the first two terms and the last
two terms are summable. Furthermore, in view of Lemma 3.1 [part (b)], we
have 332, S°F_, 8142 < co. Thus, the third term is also summable. Hence
Z,fil E[ok42lyk+1 —wj k1] < 0o. From the monotone convergence theorem [38],
it follows that

o o0
E [Z rg2ll Vet — Wkt ||} =Y Elarsallyert — wiarall,
k=1 k=1

and it is hence finite for all j. If the expected value of a random variable is finite, then
the variable has to be finite with probability 1; thus, with probability 1,

o]

> arsallykss —wjkpill <oo forall je V. (23)
k=1

We now show that limy_, » || yx — w ¢ || = 0 with probability 1 for all j € V. Note
that the conditions of Theorem 5.1 are satisfied with v; = v; and o = 0. Therefore,
lyk — wj k|l converges to 0 in the mean and from Fatou’s lemma it follows that

0 < E [timinf |y — wjel| < iminfE [llye — w;cll] =
k—00 k—00
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and hence E [liminfy_, o ||yx — w; «|l] = 0. Therefore, with probability 1,

liminf || yx — w; x|l =0. (24)
k—o00 X

To complete the proof, in view of (24) it suffices to show that [|yx — w; || con-
verges with probability 1. To show this, we define

m
rigrr = Y ai j(k+ Dw;k) — a1 (Vi i p) + € k1),
j=1

and note that Px[r; x+1] = w; r+1 [see (3) and (4)]. Since y; = L sz=1 w;  and the

m
set X is convex, it follows that y; € X for all k. Therefore, by the non-expansive

property of the Euclidean projection in (9), we have ||w; x+1 — yilI* < 7i ka1 — vkl
for all i € V and all k. Summing these relations over all i, we obtain

m m

2 2
E lwi k1 — yell” < E llri k+1 — ykll=  forall k.
i=1 i=1

From y;41 = % > wik+1 and the fact that the average of vectors minimizes the
sum of distances between each vector and arbitrary vector in R” [cf. (6)], we further
obtain

m m

2 2
E lwik+1 — yes1ll” < E lwik+1 — yill”.
i=1 i=1

Therefore, for all k,
m m
D lwi ks = vt l® <D ik — yell®. (25)
i=1 i=1

We next relate 0", 17 k1 — vill* 0 30 [lwix — yel%. From the definition of
ri k+1 and the equality ZT:I a; j(k+1) =1 [cf. Assumption 2.3b], we have

m
Fikrt — Y=Y aij(k+ 1wk — y) — 1 (V fi(0ik) + €ikr1)-
j=1

By Assumption 2.3a and 2.3b, we have that the weights a; j(k + 1), j € V yield a
convex combination. Thus, by the convexity of the norm [(7) and (8)] and by the
subgradient boundedness, we have

m
Irier = el <Y ai e+ Dllwja — yell* + oy 1V i i) + €iqr 17
j=1

m
+ 2001 1V i i) + €rit 1Y aij (ke + Dllwjix — yil
j=1
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m
<> aijle+ Dllwjx — yell* + 207, (CF + lleiks111?)
j=1

m
+ 20411 (Ci + Nl D) Y aijk+ Dllwjx — yell-
j=1

Summing over all i and using ) ;- a; j(k+ 1) =1 [cf. Assumption 2.3d], we obtain

m m m

2 2 2 2 2
D Wik =yl < lwjik — yill® + 208, > (CF+ lleris111?)
i=1 j=1 i=1

m m
+ 20001 ) (Ci+lleirr1lD Y aijk+ Dlwjx — yell.
i=1 j=I1

Using this in (25) and taking the conditional expectation, we see that for all £, we
have with probability 1,

m m m
> Ellwidrs — et l? | Fl <) llwik — well® + 20, Y (C7+7)
i=1 i=1 i=1

m m
2011 Y (Ci+v) Y llwik— el (26)
i=1 j=1

where we use a; j(k + 1) < 1 forall 7, j and k, and the relations E[||€; s 1 12| Fi] <
vl.z, Elll€ix+1l | Fx] <v; holding with probability 1.

We now apply Theorem 3.1 to the relation in (26). To verify that the conditions
of Theorem 3.1 are satisfied, note that the stepsize satisfies Z,fi 1 Ot]% 4 <00 for all
i € V. We also have Z,fil aj+1llw;jx — yrll < oo with probability 1 [cf. (23)]. There-
fore, the relation in (26) satisfies the conditions of Theorem 3.1 with ¢, = Dy =0,
thus implying that [|w; x — yx |l converges with probability 1 for every j € V. 0

Let us compare Theorem 6.1 and Corollary 5.1. Corollary 5.1 provided suffi-
cient conditions for the different agents to have consensus in the mean. Theorem 6.1
strengthens this to consensus with probability 1 and in mean square sense, for a
smaller class of stepsize sequences under a stricter assumption.

We next show that the consensus vector is actually in the optimal set, provided
that the optimal set is nonempty and the conditional expectations ||E[e€; k41 | Fill
are diminishing.

Theorem 6.2 Let Assumptions 2.1, 2.2, 2.3 and 6.1 hold. Suppose that the subgra-
dients of each f; are uniformly bounded over X, i.e., for each i € V there is C; such
that

IV <C; forallx e X.

Also, assume that Z,fio IE € k+1 | Fk]||2 < oo foralli € V. Further, let the stepsize
sequence {oy} be such that Y po o =00 and Y p- | oz,% < 00. Then, if the optimal
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set X* is nonempty, the iterate sequence {wj } of each agent i € V converges to the
same optimal point with probability 1 and in mean square.

Proof Observe that the conditions of Lemma 4.2 are satisfied. Letting z = x* for
some x* € X*, taking conditional expectations and using the bounds on the error
moments, we obtain for any x* € X* and any k, with probability 1,

m m
D Bkt =X 121 Bl < D ik — x* 17 = 20041 (f 1) — £7)
i=1 i=1
m
+ 2041 (max C; ) 2wl
J:

m m

2 2

+ 20401 Y ik llvik — X+ oy Y (Ci4vi)?,
i=1 i=1

where f* = f(x*), and we use the notation w;x+1 = |[E[€;k+1 | Fil|l. Using the
inequality
2 2 2
20041 i k1 10i ke — XN < ey g llvie — X517 4 1 4

we obtain with probability 1,

m m
> Ellvigr —x 171 Fd < Y (14 ey llvig — x|

i=1 i=1

— 2041 ((f(yk) - M- (fllgji Ci) > e —wjkl

j=1

m m
1
+ D Mg — 5 Ykt D (Ci+ Vi)2>. (27)
i=1

i=1

By Theorem 6.1, we have with probability 1, >, axy1llw;x — ykll < oo. Further,
since Y_; pu7, < o0 and Y-, af < oo with probability 1, the relation in (27) satisfies
the conditions of Theorem 3.1. We therefore have

D a(f () — f*) < oo, (28)
k

and |lv; x — x*| converges with probability 1 and in mean square. In addition, by
Theorem 6.1, we have limy—, o ||wi xr — yk|| = O for all i, with probability 1. Hence,
limg_, o ||vi k — yx|l = O for all i, with probability 1. Therefore, ||yx — x*|| converges
with probability 1 for any x* € X*. Moreover, from (28) and the fact that ), ax = oo,
by continuity of f, it follows that yi, and hence w; ;, must converge to a vector in
X* with probability 1 and in mean square. O
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Theorem 6.2 does not require the compactness of the constraint set X. This is due
to the assumption that both the stepsize oy and the norms ||E [€; x+1 | Fx]l| of the con-
ditional errors are square summable. In addition, note that the result of Theorem 6.2
remains valid when the condition Z/fio IE [€ik+1 | Fk]||2 < oo for all i is replaced
with Y22 a1 IE[€i k41 | Filll < oo forall i.

7 Discussion

We studied the effects of stochastic subgradient errors on distributed algorithm for
network of agents with time-varying connectivity. We first considered very general
errors with bounded second moments and obtained explicit bounds on the agent dis-
agreements and on the expected deviation of the limiting function value from the opti-
mal. The bounds are explicitly given as a function of the network properties, objective
function and the error moments. For networks that are connected at all times and 7 is
independent of the size of the network, the bound scales as «(max;cy {C; + v; N2m*,
where m is the number of agents in the network, « is the stepsize limit, and C; and
vl.2 are respectively the subgradient norm bound and the bound on the second moment
of the subgradient errors for agent i. For the constant stepsize case, we obtained a
bound on the performance of the algorithm after a finite number of iterations. There,
we showed that deviation from the “error-bound” diminishes at rate %, where ¢ is
the number of iterations. Finally, we proved that when the expected error and the
stepsize converge to O sufficiently fast, the agents reach a consensus and the iterate
sequences of agents converge to a common optimal point with probability 1 and in
mean square.

We make the following remarks. First, it can be shown that the disagreement re-
sults in Corollary 5.1 and Theorem 6.1 hold even when the agents use non-identical
stepsizes. However, with non-identical agent stepsizes there is no guarantee that the
sum of the objectives rather than a weighted sum, is minimized.

Future work includes several important extensions of the distributed model stud-
ied here. At first, we have assumed no communication delays between the agents
and synchronous processing. An important extension is to consider the properties of
the algorithm in asynchronous networks with communication delays, as in [20]. At
second, we assumed perfect communication scenario, i.e., noiseless communication
links. In wireless network applications, the links are typically noisy and this has to be
taken into consideration. At third, we have considered the class of convex functions.
This restricts the number of possible applications for the algorithm. Further research
is to develop distributed algorithms when the functions f; are not convex.

Appendix

Proof of Lemma 3.1 (a) Let € > 0 be arbitrary. Since y; — y and for all k, there
is an index K such that |y — y| <€ for all k > K. For all k > K + 1, we
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have

k
> B e = Zﬁ" Yye + Z By
=0

=K+1

< max mZﬂk “++e Z B

0<t<K
{=K+1

Since Y f_g 41 B0 < iz and Y[ B = BK A4+ BF) < _ﬁ, it fol-
lows that

K

k k—
k—t B Yy +e
E_ﬁ fo(o?é’%’“)pﬂ*p,g forallk > K + 1.

Therefore, limsupk_)oo le 0 Bty < % Since € is arbitrary, we have

lim sup_, le{:o Bty < 7- Similarly, we have

Zﬁ" ‘yez min nyﬁk “+y-o Z B

{=K+1

Thus,

hmlan,Bk Z)/g>11m1nf< m1n y,Z,Bk ‘+(y—o Z Bk Z)

=0 {=K+1

Since Zfzoﬁk_z > k=K and ZIEZKH,BI‘_Z = Zk (K'H)ﬂs which tends to
1/(1 — B) as k — oo, it follows that

k—(K+1)

k
—€
liminf k—¢ >( . )l' k—K —a i s_Y '
mint)_# ez ((min yi) Jim p5 46— lim ) 8=
=0 s=0
Since € is arbitrary, we have liminfy_ o le 0By > L,s This and
hmsupk_)oo ZZ O,Bk lye < = (estabhshed earlier), imply limy_, o Z[ O,Bk —£
= l—ﬁ'

(b) Let Y 2 & < 0o. For any integer M > 1, we have

i(iﬂ”w> ZV@MZZ Siwliﬂ,

k=0 \{=0

implying that

=0
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(c) Since limsup;_, o, vk = ¥, for every € > O there is a large enough K such that
vy <y +¢€ forall k > K. Thus, forany M > K,

M K M K M
Dkm0 VeSk  Dg—o ViSk | Dk—K+1YkSk - > ko YkLk e +€)Zk=K+l Sk
M = M M ="M M :
> k=0 Sk k=0 Sk > k=0 Sk 2 k=0 Sk k=0 Sk
M
By letting M — oo and using ), & = oo, we see that limsupy,_, o Lico bk

Yot
y + €, and since € is arbitrary, the result for the limit superior follows.

Analogously, if liminf;_, o yx = v, then for every € > 0 there is a large enough
K such that y; >y — € for all k > K. Thus, forany M > K,

M K M K M
D= VS _ ko ViSk | k=K1 VkGk - 2 k=0 YkSk F(y— €)Zk=1<+1 Sk
M - M M = M M :
k=0 %k 2 _k=0%k k=0 %k k=0 %k 2_k=o Sk
M
Letting M — oo and using ), {x = 0o, we obtain liminfy_, o % >y —€.
k=0 Sk
M
Since € > 0 is arbitrary, we have liminfy;_, % > y. This relation and the
k=0 5k
M
relation for the limit superior yield limps_, % =1y when y, — y. U
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